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Math 160S

Term Project – Bézier Curves and Splines

I. Introduction


In class, several methods were derived to interpolate a curve between points. The interpolations were based deriving polynomials that passed exactly through a set of defined points. The first instinct for such interpolating curves is to solve for a global polynomial that passes exactly through all points. It was proven that there is only one unique polynomial of degree n that passes through exactly n + 1 points. Thus, interpolation methods based on power series or Lagrange approximations yield the same polynomial.


One application that requires the approximation and animation of curves is computer graphics. In such an application, it is important to quickly generate curves that can be manipulated to give a desired shape. These shapes can be intricate, complex, and not of a functional nature. High degree polynomial interpolation based on a large number of points is undesirable for this application. As observed in class, the addition of many points to a polynomial interpolation results in an inaccurate curve that propagates very large changes in shape based on small changes in point location.


At least one way to prevent this undesirable effect is to divide the interpolating polynomial into splines – a different polynomial is used to approximate the curve between each pair of points. Thus, changes to a single point did not lead to global oscillations. This is better for the graphics application. However, it should be noted that there is a very real, qualitative and quantitative, difference between the data analysis and graphical applications. The approximations in class were derived with function approximation in mind. That is, points were seen as data points obeying some black box function, and an approximation to that function in order to approximate data points for which there was no functional data was needed. Graphical application, though also involving approximation, is not concerned about approximation or minimization of error. In drawing a curve, the main concern is of control of the curve to achieve a visual effect. Thus, the difference between data analysis and graphics comes to a difference between functional approximation and shape approximation.


This project will investigate the derivation, application, and implementation of Bézier curves and splines. Bézier curves were not first used by, but widely publicized by the French automotive engineer Pierre Bézier, who used them to approximate free form surfaces of automobile bodies. Bézier curves have many desirable properties, particularly smoothness and scalability. 

II. Bernstein Polynomials


A discussion of Bézier curves necessarily begins with a discussion of Bernstein polynomials – the basis functions for Bézier curves. These polynomials form a basis for the space of all polynomials of equal to or less than degree n. Fixing an interval on [0,1] and a value of n to determine the highest degree of polynomial (n = 1 for linear, 2 for quadratic, etc.), the Bernstein basis functions are
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where the coefficient is the binomial coefficient. Therefore, for n = 3, the Bernstein basis functions are:
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MAPLE code to easily generate these basis functions, as well as a figure of the graphed functions (Figure 1) are shown below:


> phi:=proc(n,i,t) -> binomial(n, i)*t^i*(1-t)^(n-i) end proc;

> p0 := phi(3, 0, x); 
  
  p1 := phi(3, 1, x); 
  
  p2 := phi(3, 2, x); 
  
  p3 := phi(3, 3, x);

> plot([p0(x), p1(x), p2(x), p3(x)], x = 0 .. 1);
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Figure 1: Bernstein Basis Polynomials
n = 3, 0 ( t ( 1



We note the properties of these basis functions. First, as is somewhat obvious from the relationship to the binomial distribution, the sum of all of the basis functions over the interval [0,1] is always equal to 1. The functions are also ( 0 over the entire interval.


A Bernstein polynomial approximation to a function f(t) is given as
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III. Bézier-Bernstein Polynomials and Curves


The Bézier-Bernstein Polynomial (BBP) used for Bézier curves is closely related to the Bernstein Polynomials described above. The BBP begins with an order set of points, known as control points. These points form a “convex hull” for the curve. That is to say, the polygon defined by the control points will completely contain the polynomial curve. So, given a set of 
n + 1 control points ( x​​0, y0 ), ( x​​1, y1 ), …, ( x​​n, yn ), we can generate parametric equations
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Calling each ( x​​I , yi ) := Vi the BBP is
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Let us first examine the endpoints of the curve. Note that the polynomial interpolates the endpoints exactly
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because at the endpoints, 
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 (every other one contains either an x or x – 1 term). 

We can also examine the derivative of P. For simplicity’s sake, rather than do this in general, we take the derivative when n = 3:
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At the endpoints, we can see that
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Examination reveals that regardless of the value of n, the derivative at 0 will always take on the form n(V1 – V0) and the derivative at 1 will always be n(Vn – Vn – 1) because of the presence of both (1 – t) and t terms everywhere else.


To examine the behavior of the BBP near the endpoints, we Taylor expand P(t) near t = 0 and near t = 1.
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near t = 0
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near t =1

We recognize that as t ( 0, the polynomial lies on the line connecting V0 and V1 and as t ( 1, the polynomial lies on the line connecting Vp – 1 and Vp. This is a desirable quality of our control points, because as we move the first and next-to-last control point, the curve will also change in the direction of the control point in a predictable way.

For every other point on the curve, we know that since the sum of the Bernstein basis functions is 1 everywhere, the curve will always be contained within the quadrilateral defined by the points. This kind of interpolation lends itself well to drawing applications. The shape is determined by control points, which can be intuitively manipulated by the user to draw a curve. The curve will also pass exactly through the endpoints and be contained entirely within its convex hull, which makes the shape controllable.

IV. Scalability of Bézier Curves


At this point, we are armed with enough knowledge to manage a preliminary implementation of the Bézier curve. We choose n = 3 to form a cubic BBP (generalizations to higher degrees is easily doable). All that we need do is code up what we know to this point, choose four points in the plane, and observe the results. For the sake of clarity, we also choose to plot the control points and straight lines connecting the points in order (dashed).

MAPLE Code: 

> x0 := -10.3: y0 := -20.4:

x1 := -3.69: y1 := 6.68: 
x2 := 7.4: y2 := -12.33: 
x3 := 10.4: y3 := 5.389:

> P0 := x0, y0; P1 := x1, y1; P2 := x2, y2; P3 := x3, y3;

> x(t):=x0*(1-t)^(3)+3 *x1*t*(1-t)^(2)+3*x2*t^(2)*(1-t)+x3*t^(3): 
  y(t):=y0*(1-t)^(3)+3 *y1*t*(1-t)^(2)+3*y2*t^(2)*(1-t)+y3*t^(3):

> points := [[P0], [P1], [P2], [P3]];

> plot1 := plot([x(a), y(a), a = 0 .. 1], color=black); 

plot2 := plot(points, style = POINT, color = blue); 
plot3 := plot(points, style = LINE, linestyle = 3, color = green);

> display(plot1, plot2, plot3, view = [-50 .. 50, -50 .. 50]);
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Figure 2: Implementation of Bézier curve for points: 
(-10.3, -20.4), (-3.69, 6.68), (7.4, -12.33), (10.4, 5.389)

Using this first simple implementation, we can observe some of the qualities of the BBP. First, we can observe the scalability of the BBP. We can double all values of points (also doubling the scale on the axes) and observe that the image looks the same.
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Figure 3: Scaling Figure 2 by a factor of 2
(-20.6, -40.8), (-7.38, 13.36), (14.8, -24.66), (20.8, 10.778)

This scalability makes BBP’s useful for applications involving the need to scale to large sizes without loss of image quality. The most salient example would be text fonts. Fonts need to be scalable to different sizes even for basic computer applications. The necessity of font scaling can get even more extreme than that – for use on billboards, for example. The familiar TrueType fonts use Bézier curves for this reason. In the late 1980’s, the Apple Macintosh represented fonts using the alternative; bitmaps described each letter using pixels. The inability to scale without loss of resolution is easily evident. Our final implementation in this paper will be a font letter. 
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Figure 4: Scaling fonts as bitmap images

V. Rotation of Bézier curves


Another easy manipulation in this implementation is a rotation. The ease of rotation is due to the definition of the curve using control points. In order to rotate the entire curve by some angle (, we need only rotate each control point by that angle (, and re-render the BBP based on the new set of control points. This is an extremely simple operation. Given some point (x , y), we obtain a rotated point, (x’, y’) as such:


[image: image24.wmf]  

¢ 

x 

¢ 

y 

é 

ë 

ê 

ù 

û 

ú 

=

cos

q

-

sin

q

sin

q

cos

q

é 

ë 

ê 

ù 

û 

ú 

x

y

é 

ë 

ê 

ù 

û 

ú 


We can, in this way, rotate Figure 3 by an angle of 45° counter-clockwise.
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Figure 5: A rotation of 45°about the origin of Figure 3

VI. Splines


There is a drawback to using just a BBP to approximate some curve. First, in order to increase the intricacy of our curve, we must add control points. With the addition of control points, we must increase the degree of our polynomial, and thus the computational cost. Defining an image, or even one letter of a font could require dozens of control points, for a degree n – 1 polynomial. This could quickly become infeasible to compute.


The BBP also suffers from the same drawback as Lagrange polynomial interpolation. Changes to one point lead to changes that propagate globally – although the curves remain smooth, unlike the wiggle found in Lagrange. To illustrate this, we construct a BBP of degree 7 with the following control points:
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Figure 6: A 7th degree interpolation

We make a change to just one point, V4 = (10, 48.8) and observe (Figure 7). Note the smoothness of the curve (due to its containment in the convex hull). However, note the inaccuracy of the approximation relatively far from the changed point. 
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Figure 7: Figure 6 with one changed point – 7th degree interpolation


We can address this issue in the same way as we did for the Lagrange polynomials. Rather than increasing the degree of the polynomial as we add control points, we can take piece-wise polynomials or splines. We need only to make the nth control point of one BBP the same as the 1st control point of its neighbor BBP. We illustrate this in Figure 8, which uses a cubic BBP for points V0 to V3 and a quartic BBP for points V3 to V8, These are known as Bézier splines.
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Figure 8: Using two Bézier splines to approximate the same points as Figures 6 and 7.

VII. A Realistic Implementation


We now seek to use Bézier splines in a realistic graphical implementation – in this case, the lower-case, Times New Roman letter “l”. For reference, the letter appears below.
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Figure 9: Times New Roman letter “l”

We approximated this letter by using piecewise cubic Bézier splines. For this particular application, we used forty control points for ten splines. Realistically, we needed only thirty control points, because each spline overlapped with its adjacent one. But the amount of information and computation required to generate a (theoretically) infinitely scalable letter of type is remarkably small.

MAPLE code:

> x0 := 0; y0 := 5; x1 := 18; y1 := 5; x2 := 26; y2 := 11; x3 := 27.5; y3 := 25; 
  x4 := 27.5; y4 := 25; x5 := 27.5; y5 := 90; x6 := 27.5; y6 := 150; x7 := 27.5; 
  y7 := 215; x8 := 27.5; y8 := 215; x9 := 23; y9 := 229; x10 := 12; y10 := 229; x11 := 0;     
  y11 := 223; x12 := 0; y12 := 223; x13 := 0; y13 := 224; x14 := 0; y14 := 225; x15 := 0; 
  y15 := 228; x16 := 0; y16 := 228; x17 := 20; y17 := 234; x18 := 40; y18 := 240; 
  x19 := 57; y19 := 245; x20 := 57; y20 := 245; x21 := 57; y21 := 180; x22 := 57; 
  y22 := 120; x23 := 57; y23 := 25; x24 := 57; y24 := 25; x25 := 58.5; y25 := 11; 
  x26 := 66.5; y26 := 5; x27 := 84.5; y27 := 5; x28 := 84.5; y28 := 5; x29 := 84.5; 
  y29 := 4; x30 := 84.5; y30 := 2; x31 := 84.5; y31 := 0; x32 := 84.5; y32 := 0; 
  x33 := 60; y33 := 0; x34 := 30; y34 := 0; x35 := 0; y35 := 0; x36 := 0; y36 := 0; 
  x37 := 0; y37 := 2; x38 := 0; y38 := 4; x39 := 0; y39 := 5;


> x(t,a,b,c,d):=a*(1-t)^(3)+3 *b*t*(1-t)^(2)+3*c*t^(2)*(1-t)+d*t^(3 ):  
  y(t,a,b,c,d):=a*(1-t)^(3)+3 *b*t*(1-t)^(2)+3*c*t^(2)*(1-t)+d*t^(3):


> plot1 := plot([x(t, x0, x1, x2, x3), y(t, y0, y1, y2, y3), t = 0 .. 1]); 
  plot2 := plot([x(t, x4, x5, x6, x7), y(t, y4, y5, y6, y7), t = 0 .. 1]); 
  plot3 := plot([x(t, x8, x9, x10, x11), y(t, y8, y9, y10, y11), t = 0 .. 1]); 
  plot4 := plot([x(t, x12, x13, x14, x15), y(t, y12, y13, y14, y15), t = 0 .. 1]); 
  plot5 := plot([x(t, x16, x17, x18, x19), y(t, y16, y17, y18, y19), t = 0 .. 1]); 
  plot6 := plot([x(t, x20, x21, x22, x23), y(t, y20, y21, y22, y23), t = 0 .. 1]); 
  plot7 := plot([x(t, x24, x25, x26, x27), y(t, y24, y25, y26, y27), t = 0 .. 1]); 
  plot8 := plot([x(t, x28, x29, x30, x31), y(t, y28, y29, y30, y31), t = 0 .. 1]); 
  plot9 := plot([x(t, x32, x33, x34, x35), y(t, y32, y33, y34, y35), t = 0 .. 1]); 
  plot10 := plot([x(t, x36, x37, x38, x39), y(t, y36, y37, y38, y39), t = 0 .. 1]);


> display(plot1, plot2, plot3, plot4, plot5, plot6, plot7, plot8, plot9, plot10, view =          

  [-77 .. 169, 0 .. 246], axes = box);

These few lines of code generate, in MAPLE, the image below:
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Figure 10: The letter “l” approximated using cubic Bézier splines

This is our final implementation. Much like TrueType, this “l” can be scaled, rotated, and described using the simple mathematics described in this paper. TrueType uses quadratic Bézier splines, while this example uses cubic Bézier splines. 
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