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Spence’s Model of Job Market Signaling
	In economics, signaling occurs in markets where there is information asymmetry. In other words, one party in a transaction has more information than the other party. It’s easy to consider cases where this is true: one common example is the job market, where employers have to make hiring decisions based on information such as job experience and education which act as a proxy for information on how productive the new hire will be. Thus, information such as experience and education are signals for the employee’s actual productivity. This information gap between parties also occurs in lending, where banks have to rely on signals such as an individual’s credit score or the assets they own to assess whether or not the person will pay back their loan. In a less serious example, information asymmetry also occurs in personal ads, where “sellers” (those who write the ads) have better information about how they are as a mate than “buyers” (those that read the ads). In order to demonstrate their desirability, sellers have to include signals such as their interests in their personal ads. This paper will investigate Spence’s model of job market signaling and how to solve it using numerical methods. 
	Michael Spence’s model of economic signaling provided one of the first models for this type of market. For his work, Spence won the 2001 Nobel Prize in Economics. Spence actually first illustrated the meaning of signaling by using his own paper as an example. He wrote that “how the reader interprets my report of the content of this essay will depend on his expectation concerning my stay in the market”. This means that if a reader comes to believe that the writer will publish future papers, then both writer and the reader will consider the possibility that the writer will invest in his future ability to attract readers by writing an accurate paper now. However, if the reader believes that the writer will only publish a single paper then the reader assumes a lower possibility that the writer will make an investment in future readership by writing an accurate paper.
	Spence’s work focused on the job market because in these markets, the employer will be uncertain about the productivity of anyone that he hires and this uncertainty may last until weeks or months after the hiring decision. Thus, according to Spence, the act of hiring someone can be compared to buying a lottery ticket. In other words, potential employers do not have concrete knowledge about the productivities of potential employees. However, employers do have access to a candidate’s resume as well as readily observable characteristics and attributes such as race, sex, criminal records, and personal grooming habits. This information determines the employer’s view of the lottery ticket that he is considering. Spence’s model, and this paper, is focused on modeling the process of potential employees transmitting this information to employers and the subsequent allocation of jobs and wages in the economy. 
	Spence also draws a distinction between two types of characteristics: those that the employee can change and those that they can’t. For example, an employee can always invest in gaining more education, but it’s much more difficult for them to change their race. Characteristics that the employee can change are referred to as signals and those that are less mutable are indices. Signals and indices will both be used by employers to determine their expectations of the employee’s marginal productivity. For employees, these expectations generate a wage schedule that is a function of signals and indices. Employees can change the wages that they are offered by manipulating their signals; however, doing so can be expensive (one only has to look at Duke’s tuition costs). These costs are referred to as signaling costs. Thus, the employee’s problem is to select signals that “maximize the difference between offered wages and signaling costs”. We also make the assumption that signaling costs for individuals can be different and that the costs are negatively correlated with the individual’s innate productivity. This is an important assumption because otherwise it would be impossible to distinguish between individuals that have high productivity and low productivity since they would both choose to invest in signals in the same manner. Each round of new employees entering the marketplace and new hiring decisions by employers will change the expectations of employers for the next round of hiring. This cycle creates a loop of employers changing their offered wage schedules and employees changing their decisions of investment in signals. This continues until we reach equilibrium; a state where each successive wave of job applicants no longer causes changes in either the wages offered by employers or the signaling investment decisions by employees. 
	Spence introduced a simplified numerical example of this phenomenon that will prove helpful to understanding this equilibrium. Suppose that there are only two distinct populations of workers that the employer can pick from. Group 1 individuals, who total a proportion q1 of the total population, have a productivity of 1 and Group 2 individuals, who thus total a proportion 1 – q1 of the total population, have a productivity of 2. Within this simplified model the population of job seekers can also invest in a signal, education, which carries both monetary and psychic costs. The cost of y units of education to Group 1 individuals is y while the cost for Group 2 individuals is only y/2. Suppose now that the employer believes that for some level of education y*, if y<y*, then that employee will have productivity of 1 with probability 1. Similarly, if y>y*, then that employee will have productivity equal to 2 with probability 1. Since these are the employer’s conditional beliefs, this implies that the employer’s offered wage schedule will be a piece-wise constant function with wage equal to 1 or 2 depending on the education level of the employee. Now consider what the potential employee does: if he would choose an education level less than y* then he should choose to set y = 0 since the wage offered is same. Similarly, if the employee planned on choosing education greater than y*, that employee would simply choose y = y*. Given the cost of education for both Group 1 and Group 2 individuals, it’s clear that all Group 1 individuals will choose y=0 and all Group 2 individuals will choose y=y* in order to maximize the difference between wages and signaling costs. The only constraint is that 1 < y* < 2. These choices generate an equilibrium because the employer’s expectations are confirmed. All potential employees with a productivity of 1 have y<y* and all potential employees with a productivity equal to 2 have y>y*. 
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	Of course, this is a very simplified example of signaling equilibrium in the job market.  In a more general case, let’s assume that workers vary in their skill level, and each worker knows that his actual productivity is some n for n ε [nm, nM]. As before, workers also acquire y years of education which they pay a total cost C(y,n) to obtain with Cn < 0 and Cy > 0. Once the worker is hired, their output, S(y,n) is a function of their skill level and education with Sy > 0 and Sn > 0. Again, since only y is observable by employers, wages are a function solely of education level. Finally, we assume that there is a competitive labor market, where workers will be paid depending on the employers’ expectations of productivity of workers. 
	Spence proposed that if Cyn(y, n) < 0 and if for all y>y*, Cy > Sy, then there will be a family of wage schedules where all offered wages are equilibria and that this equilibrium is defined by two functions: w’ = Cy and w = S. The first requirement implies that the marginal cost of investing in education decreases as the worker’s productivity increases. This is the same as our previous assumption that signaling costs and productivity are negatively correlated and is required for signals to be effective. The second condition states that for some level of y=y*, above that level the cost of investing in signaling outweighs the increase in productivity. If this were not true, then everyone would invest in education, the signal, up to the maximum possible amount and it would no longer serve as a tool for differentiating individuals. The first equation that defines the equilibrium, w’ = Cy, comes from our assumption that the individual maximizes his net income with respect to education. The second equation, w = S states that the wage rate offered to employees is equal to their productivity. Referring back to our definition of equilibrium as a state where employer expectations are confirmed, we see that these conditions fulfill that requirement. Spence demonstrated that in equilibrium, N(y), the worker type that chooses education level y, satisfies the first order nonlinear differential equation
 (Eq. 1)
This comes from taking the derivative of the equation w = S with respect to n. Since S is a function of n and y, this gives us that w’ = Sy + Sn(dn/dy).
	Our initial condition is that the lowest-ability individuals will choose the “socially efficient level of education”, which implies that N(ym) = nm where ym is fixed by the previously stated condition that Sy(ym, nm) = Cy(ym, nm). This condition implies that the marginal increase in productivity of the worker with respect to education is equal to the marginal cost of education. This reduces solving the Spence’s signaling equation so solving an initial value problem. We now assume that S(y, n) = nyα and C(y, n) = y/n. This reduces Eq. 1 to the following:
 (Eq. 2).
Further, since N(ym) = nm, this implies that that ym = (. Now we can try to solve Spence’s equation for various levels of education. We assume that α = 0.25 and nm = 0.1. This means that ym = 0.00034, so that the lowest possible amount of education is 0.00034 years of education. Now we can solve for the worker type for different levels of education and from that calculate a worker’s productivity and his wage schedule. Solutions were generated using 3 methods: Forward Euler, Runge-Kutta 2, and Runge-Kutta 4, all with a time step of h=0.0001.
	Table 1: Solutions

	y-ym
	Forward Euler
	RK2
	RK4

	0.1
	0.53455
	0.53442
	0.53441

	0.2
	0.69246
	0.69237
	0.69236

	1
	1.26516
	1.26512
	1.26512

	2
	1.64055
	1.64052
	1.64052

	5
	2.31308
	2.31306
	2.31306

	10
	3.00105
	2.99962
	2.99962



From this table, we can calculate the wage schedule faced by the worker. Because we assume that the labor market is competitive, the wage of the worker is simply equal to the worker’s productivity. We know the productivity of a worker is given by S(y,n) = nyα, so by plugging in the values of N(y) that have been calculated, we can arrive at the following wage schedule.  
	Table 2: Wage Schedule

	y-ym
	Forward Euler
	RK-2
	RK-4

	0.1
	0.30085
	0.30078
	0.30078

	0.2
	0.46327
	0.46321
	0.46321

	1
	1.26527
	1.26522
	1.26522

	2
	1.95103
	1.951
	1.951

	5
	3.45892
	3.45889
	3.45889

	10
	5.33423
	5.33421
	5.33421


[image: ]Using the Runge-Kutta 4 step method to generate the above graph, we see a wage schedule that conforms to expectations. As the level of education increases, the rate that wages grow decreases. This matches our assumption that above some level of y, the costs of investment in education begin to outweigh the benefits. 
	So far, we’ve dealt with a very simplified example of job market signaling where signals only determine the wages that employers offer. In this way, signaling doesn’t directly increase productivity because while employers might offer higher wages to more productive workers, all workers are stuck doing the same job; however, let us now suppose that we have a case where the employer also has to decide which job to give to which employee. In this case, we define a worker’s productivity s, by s = S(n, y, d). This implies that productivity is a function of the type of worker, the education level, and d, the employer’s decision on what job to assign. Now if we assume the signaling system is functioning, then we know there is a relationship between the education level and the worker type, some function h(y), so that s = S(h(y), y, d). 
	The employer will make his choice of d such that he maximizes worker productivity, and again, assuming competitive labor markets, w(y) = maxd S(h(y), d). Again, employees will choose the level of signaling in order to maximize the difference between wages and signaling costs, or w’(y) = Cy(y, n). So for each pair (n, y), there is an optimal level of d that the employer can determine due to the signal provided. Let this optimal level be some S(n, y)*. In this market, the equilibrium will be similar to a situation where employers no longer have to make a decision about what job to give workers and where actual productivity will only be determined by the type of worker since we will have solved for the optimal level of d and plugged it in. 
	Now we can try and analyze this with a numerical example. Suppose that in a special case, Sy = 0, so that we can assume S is just a function of n and d. We do this so that we can analyze equilibrium with and without signaling, since if investing in y is neither productive nor signal creating, then no one will invest in y. Suppose that d is a continuous decision variable for the employer and that S(n, d) = 2d1/2 (n-d)1/2, with 0< d < n. If signaling occurs and is effective, then employers will be able to choose the optimal d. By maximizing S(n, d) with respect to d, we see that for a given n, the optimal d is d=n/2. This implies that S*(n) = n. Finally, our initial values are that nm = 1 and that ym = 0. Then, for given values of education, we can again solve the differential equation

in order to get the following wage schedule for a case where signaling occurs.  
	Table 3: Wage Schedule

	y-ym
	Forward Euler
	RK-2
	RK-4

	0
	1
	1
	1

	0.2
	1.18322
	1.18322
	1.18322

	0.4
	1.34165
	1.34164
	1.34164

	0.6
	1.48319
	1.48317
	1.48317

	0.8
	1.61247
	1.61245
	1.61245

	1
	1.73207
	1.73205
	1.73205

	1.2
	1.84387
	1.84385
	1.84385

	1.4
	1.94932
	1.94931
	1.94931

	1.5
	2.00002
	2
	2
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	Now that we have a wage schedule for the case where there is signaling, we can compare that to a wage schedule for the case where signaling doesn’t occur. Without signaling, everyone would be paid the same wage because employers would no longer be able to differentiate between individual employees. Now, let us assume that n, the type of the employee, is uniformly distributed on some interval [a, b]. In our case, [a, b] = [1, 2]. Thus, employers would want to maximize the expected value of the production function, with respect to d. That is, the employer’s problem is to. Remember, that S(n, d) = 2d1/2 (n-d)1/2, so that assuming we have a uniform distribution, the expected value on the interval [a, b] is equal to . Now plugging in a = 1 and b = 2, this becomes        . Maximizing this with respect to d, we see that the optimal choice for d is when . This means that the correct choice of d is d = 0.721918. Plugging in this value of d, we then find the expected value of 2(0.721918)1/2 (n-0.721918)1/2on the interval [a, b], assuming that the distribution is uniform, to be 1.47107. This implies that in a labor market without signaling, every worker is offered a wage equal to 1.47107 since all workers appear to be the same to employers. Since there’s no reason to invest in education, each worker has a total income, net of costs, equal to 1.47107 as well. We can compare this to the net income of workers in a labor market with signaling, where the cost of education is y/n:



	Table 4: Net Income

	y-ym
	n
	Cost
	Net Income

	0
	1
	0
	1

	0.2
	1.183216
	0.169031
	1.01418511

	0.4
	1.341641
	0.298142
	1.04349839

	0.6
	1.483172
	0.404538
	1.07863397

	0.8
	1.612452
	0.496139
	1.11631261

	1
	1.732051
	0.57735
	1.15470054

	1.2
	1.843855
	0.650811
	1.19304414

	1.4
	1.949308
	0.718204
	1.23110382

	1.5
	2
	0.75
	1.25



In this example, with our assumptions for the distribution of individuals in the work-force, everyone ends up losing, net of education costs, by signaling. However, this is not always true. If we assume that a = 1 and b = 10, then the net income of workers in this market when there is no signaling is equal to 4.8. With signaling, the wage and profit schedule looks like the following: 
	Table 5: Wage Schedule

	y-ym
	Forward Euler
	RK-2
	RK-4

	0
	1
	1
	1

	1
	1.732066665
	1.732051
	1.732051

	2
	2.236085972
	2.236068
	2.236068

	5
	3.316642866
	3.316625
	3.316625

	10
	4.582592304
	4.582576
	4.582576

	20
	6.403138737
	6.403124
	6.403124

	30
	7.810262835
	7.81025
	7.81025

	40
	9.000012207
	9
	9

	49.5
	10.00001151
	10
	10
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	Table 6: Net Income

	y-ym
	n
	Cost
	Net Income

	0
	1
	0
	1

	1
	1.732050808
	0.577350269
	1.1547005384

	2
	2.236067977
	0.894427191
	1.3416407865

	5
	3.31662479
	1.507556723
	1.8090680675

	10
	4.582575695
	2.182178902
	2.4003967926

	20
	6.403124237
	3.123475238
	3.2796489997

	30
	7.810249676
	3.841106398
	3.9691432779

	40
	9
	4.444444444
	4.5555555556

	49.5
	10
	4.95000
	5.0500000000



	First, it is important to note that in both examples that wages always rise for more productive individuals in a market with signaling. One pattern that we can see from these two schedules is that individuals with lower levels of n are the ones most disadvantaged by signaling in labor markets. On the other hand, individuals with higher levels of n have higher net income in labor markets with signaling relative to a labor market without signaling. While it is true that in most cases, net income for workers falls, we still have to remember that our value of the wage offered in the market without signaling was derived from picking the correct value of d that maximized worker productivity. It’s entirely possible that without signaling, the correct value of d won’t be chosen so that signaling will make everyone better off in the end by increasing productivity. Finally, according to Spence, because individuals of higher ability are incentivized to invest in signals, they will start to invest in education. This causes a trickle-down effect: since the average productivity of the remaining group of workers that don’t signal falls as higher ability workers leave, individuals of the next highest ability also have an incentive to signal. This causes a “top down” adoption of signaling. 
	Spence’s model of signaling in markets was an important development in economic modeling of markets with asymmetric information. The model provides an intuitive and solvable mathematical framework for analyzing how markets behave under different circumstances. By applying numerical methods used to solve initial value problems, we can generate wage schedules for many different types of employers, employees, and market conditions. Finally, to bring signaling out of the abstract, it might be interesting to discuss the phenomenon in a market that’s just as important as the job market: dating. Economist Tyler Cowen writes about the economics of dating and what it has to do with signaling in his book Finding Your Inner Economist. Cowen states that the pick-up line is actually the purest form of signaling, after all, they are a pure signal by men to show potential mates that they charming, confident, and special compared to other men. However, another school of dating would tell men that they should instead play hard to get, or to quote The Game, “the more unavailable you make yourself, the more people want you”. Yet from our work into looking at equilibriums in the job market with and without signaling, we should understand that this strategy only benefits those who are less likely to succeed with the opposite sex. As we saw in our previous example of the labor market, it’s those that are the least innately productive that benefit the most from a market without signaling. These incentives for those that are more attractive to engage in signaling will eventually mean that all types of people will engage in signaling, which should leave those playing “hard to get” with only each other’s company. 
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