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The Lorenz Attractor and Numerical Methods

In the early days of computer simulation of fluid dynamics, Edward Lorenz stumbled
upon a strange result that led to the advent of an entirely new field of study. The system of
differential equations that led to this discovery is remarkably simple and illustrates how
seemingly uncomplicated coupling between variables can lead to enormously complex
dynamics. Furthermore, Lorenz’s discovery revolutionized the way that scientists look at the
world and how small changes can propagate through coupled nonlinear systems to result in large
effects. This is particularly important in the study of numerical methods, in which errors due to
truncation, iteration interval and limits on machine accuracy can drastically impact solutions.
This study looks at the set up for the Lorenz model, and how its dynamics are impacted by
different initial conditions, parameters and methods of numerical differentiation.
The Lorenz Model

The Lorenz model is simple idealization of flow in a two-dimensional fluid of

uniform depth being heated from below. This is generally termed Rayleigh-Bernard convection
and here we consider the special case of a single convective cell.

The most general set of differential equations describing fluid flow are the Navier-Stokes

equations, which have the following form (for flow in the x-z plane):
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p T pi(Vr) ==Ly, ()
where p is mass density, g is the acceleration due to gravity, p is fluid pressure and p is
viscosity.
We also need to include the influence of temperature variation within the fluid. We start

with the thermal diffusion equation:

%HVT)\!/ = D, (VT) )

where Dr is the thermal diffusion coefficient. For a motionless fluid, the temperature profile is
or . . .
T(x,z,t)=T, - 72 where OT is the temperature difference between the two surfaces and h is the
distance between the surfaces. The deviation from this profile (for a convecting fluid looks like:
or oL . o . .
t(x,z2,t)=T(x,z,t)-T, + 71 Substituting back into the thermal diffusion equation this gives:

dll _ %‘V (4)
Z 3 # 7] v $ y — = D # 2n
7 #"Wdv, P r(#7)
With our basic equations for fluid velocity and temperature, we can now move onto the
effect of buoyancy (differences between density in a fluid parcel and its surroundings). Lets start

with a Taylor expansion of the variation in fluid density with temperature:

ap 1d°p 5
N=p,——T-T)+——7F-(T-T,)) + ... 5
p(T) = p, aT( W) > 477 (T-T,) (%)
where po= p(Tw) and we call a = _ij_;)" the thermal expansion coefficient, a value specific
Po

to different fluids. Substituting the definition for t(x,z,t), neglecting all terms after the first

two, we are left with the following equation for density variation:
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p(T) = o - apel= 2+ 1(x2.0)] (©)

Returning to the Navier-Stokes equations (1,2), it is useful to define a similar deviation of

2
the pressure field from a motionless fluid: p'= p+ p,gz + ap, 6%% We also apply the

Boussinesq approximation, which ignores density variation in the fluid, except that which occurs

due to gravity (in equation 1). Substituting back into Navier-Stokes, we have:

Ny, (VV )V = _1dp +arg+v(VV,) (7)
dt p, dz
"y - 1 dp' )
L+HY W= ——+&H Y 8
R o) % dx #v,) (8)
where v = L is the kinematic viscosity.
Po

To simply, we can change all variables to dimensionless version and collect constants

) ) ) _ D
into useful fluid parameters. The following substitutions are made: ¢'= h_;t , X'= %, 7'= %,
D. 'h? # : :
L '=—Ly | V?=h’V?, p'= p—. " =— is the Prandtl number, a ratio measuring
h "#.D, D,
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the relative importance of viscosity and thermal diffusion. R = is the Rayleigh number

vD,
and measures the balance of buoyant forces due to viscosity and thermal diffusion. Dropping all

primes (for simplicity) and reducing equations (4), (7) and (8), we have:

L v i =—@+Rr+V2vz 9)
o dt N dz
L, +(va)\7]=—@+V2vx (10)
o dt dx

% + (VT -v.= V1 (11)
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We can now introduce the stream function W, which simplifies the kinematic terms by

making the following relations: v, = —;ﬂ and v, = ;ﬂ Thus, (9), (10) and (11) become:
VA X

ﬁ_@ﬂ_,_ﬂﬂ_ﬂ:Va— (12)

dt dz dx dx dz dx

1.d d d¥ d°P dlI‘dZIP d dlpdlp d‘I‘d21P dr
—[—(V )——(— )= —(—— N=R—+V*'W (13)
o dt dz dxdz a’x dz® dx dz dx* a’x dzdx dx

With these complicated partial differential equations, it is now useful to apply some
approximations and assumptions with the help of initial conditions. Using a truncation process
known as the Galerkin procedure, we can produce the lemma that the solutions for the stream
functions and temperature profile look like:

W(x,z,t) = W(¢r)sin(mz)sin(ax) (14)
T(x,z,t) = T,(¢)sin(mz) cos(ax) — T, () sin(2mz) (15)
These solutions assume the presence of a single vertical convective roll ( a special case of
Rayleigh-Bernard convection). Tj(t) is the temperature difference between upward and
downward parts of the convection cell. Tx(t) is the deviation of the temperature profile from the

linear profile of a motionless fluid. We can apply the following boundary conditions for flow

between two heated plates: ©(z = 0,h) =0, vz(z = 0,h) = 0, CZ}" (z=0,h)=0.
Z

It is now useful to do one final variable transformation for simplicity of expression:

W(t), Y(1) = \/_T(t) and Z(t) = mTy(t). r=——— R is the reduced

X(1)= (a* +7?%)

)I

2

Rayleigh number. b = > 1s another parameter that is a measure of the geometry of the

a+m

convective roll. Applying the variable transformation, lemma and boundary conditions to
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equation (12) and (13), collecting terms and removing all terms that violate the lemma yield the

following equations:

dx
—=0-X 16
" ( ) (16)
Y xzex—y (17)
dt
Ly (18)
dt

For the purpose of this study, these equations will be treated principally as mathematical objects,
rather than physically meaningful equations. However, it is important to note that the nonlinear
terms in (17) and (18) represent an intricate coupling of temperature to fluid velocity in this
system. Though extensive study of the variables can lead to a deeper understanding of
convection in the Rayleigh-Bernard convection cell, its nonlinear dynamics can be studied
without reference to any physical meaning (Hilborn 1993; Tabor 1989).
Application of Numerical Techniques

A straightforward implementation of forward Euler with the Lorenz equations, the
parameters described above and some reasonable initial conditions [x(0) = 1, y(0) = -1, z(0) =
10] yields the famous plot of the Lorenz attractor (figure 1; code in appendix 1). This attractor
has two main “basins of attraction”, which are the neighborhoods of the state space in which the
trajectory is primarily concentrated. This particular case is known as a “strange attractor”, where
rather than a point or manifold attractor, a fractal set with non-integer dimension defines the
structure of the trajectories dynamics in the limit of t— .

The most fundamental characteristic of any chaotic system is sensitivity to initial
conditions. By slightly modifying just one initial condition the trajectory can be impacted in

imperceptible ways that only manifest themselves after many time steps. In figure 2, the time
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series evolutions for X, Y and Z are presented for different initial conditions. For a le-6
perturbation in the initial condition, the trajectories appear to visibly diverge at time step 800,
while the le-10 perturbation does not appear until time step 1800. In either case, this example
demonstrates the key property of chaotic systems.

It is useful to see whether there is a counterbalance between sensitive dependence on
initial conditions and higher order numerical methods for solving systems of differential
equations. In the runs above, a simple forward Euler, with error convergence of order 1, was

used to find successive numerical integrations of the Lorenz system:

Xal X X1 X5 Yi52)
Yia =1V |+ Ayt x,0,Y,0.2,) (Forward Euler; 19)
Zpa < 2t XY 0Z1)

However, we can use more sophisticated methods with higher order error convergence. Here we
will also use the next two most common methods, the midpoint method (or RK-2) of order 2 and

the RK-4 method of order 4:

[ 1 1. 1. 1.
x(t, + Eh’xk + Ehx(tk),xk + Ehy(tk),xk + Ehz(tk))

1 1 Sy
Ve | = [+ A (2 + Eh’xk + Ehjc(tk),xk + %hy(tk),xk + %hZ(tk)) (Midpoint Method; 20)

. 1 I . 1. 1.
_z(tk + Eh’xk + Ehx(tk),xk + Ehy(tk),xk + Ehz(tk))_
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-t'(tk;xkiyk’zk)
kl = jz(tk;xkiyk’zk)
xt(tkyxklyk’zk)

1 1 1 1 '
k(lk + Eh,xk + Ehkl(l)’xk + Ehkl(z)ixk + Ehkl(s))

o= 0+ 2+ 0,3, (25 + (D)

o1 1 1 1
W, + Eh,xk + Ehk]_(l)!xk + Ehkl(z)’xk + Ehk1(3))

_ (RK-4 Method; 21)
o1 1 1 1
k(lk + Eh,xk + Ehkz(l)lxk + Ehkz(z)ixk + Eth(S))

ky=|9z, + %h,xk + %hkz(l),xk + %hkz(Z),xk + %hkz(?:))

L1 1 1 1
W, + Eh,xk + Ehkz(l)!xk + Ehkz(z)’xk + Ehkz(g’))

(42, + h,x, + hky (D), x, + ks, (2),x, + hky(3))
k, =| Wt + h,x, + hks(D),x, + hky(2),x, + hky(3))
| 8, + h,x, + by (D), x, + hky(2),x, + hky(3))

Xk+l Xk 1
Yiu | = Yi +gh(kl+2k2+2k3 +K,)
Zk+1 Zk

The results are reproduced in figure 3. They demonstrate that Lorenz equations cause
divergence quickly (less than 100 time steps) between first- and second-order methods given the
particular scaling used in this model (with particular parameters and ICs). There is less rapid
divergence (approximately 1000 steps) between second- and fourth-order methods.

Now, using the difference in order between numerical methods, we can test how well the
order of error converge applies in an unstable case such as this one. Up until now, all the runs
were computed with 1000 h=0.01 time steps. We can thus attempt to compare: a forward Euler
run [O(h)] with 100,000 h=0.0001 time steps; a midpoint method run [O(h?)] with 1000 h=0.01;
an RK-4 run [O(h*)] with 100 h=0.1. Figure 4 shows these runs and demonstrates the lack of

correspondence of the runs, as expected for this classically unstable chaotic system. However,

7
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another major consideration in comparing these runs is computing expense. The midpoint
method is considerably more efficient than forward Euler (in terms of number of computations
required per unit time of integration), and RK-4 is more efficient than both. Thus, though there
is some loss of sensitivity in RK-4 (figure 4), the method runs much quicker. (For comparison:
on a 2 GHz Macbook, midpoint and RK-4 ran almost instantly, whereas the forward Euler took
approximately 15 minutes.)
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Figure 1. The Lorenz Attractor with
x(0)=1

y(0)=-1

z(0)=10

0=10

r=28

b=(8/3).
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Figure 2. Time series of X,Y,Z for different initial conditions:
Blue: X(0)=10

Red: X(0)=10+ le-6

Green: X(0)=10+ 1e-10
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Figure 3. Time series of X,Y,Z for different numerical methods for solving systems of
differential equations:

Blue: Forward Euler (Order 1)

Red: Midpoint Method (Order 2)

Green: Runge-Kutta 4 (Order 4)
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Figure 4. Time series of X,Y,Z for different numerical methods and different time

intervals:

Blue: Forward Euler (Order 1), h=.0001, n =200,000
Red: Midpoint Method (Order 2), h=.01, n=2000
Green: Runge-Kutta 4 (Order 4), h=.1, n=200



Appendix 1
s=10;

p=28;
b=(8/3);

for n=1:2000

dxdt=s* (y(n)-x(n));
dydt=(-1%* X(n)*Z(n))+( x(n)) - y(n);
dzdt=(x(n)*y(n)) - (b*z(n));

x(n+l) = x(n) + h*dxdt;

y(n+l) = y(n) + h*dydt;

z(n+l) = z(n) + h*dzdt;
end

Appendix 2
s=10;

p=28;
=(8/3);

for n=1:1999

dxdt=s* (y(n)-x(n));
dydt=(-1* x(n)*z(n))+(
dzdt=(x(n)*y(n)) - (b*z(n));

dxdt2=s*((y(n)+

dydt2= (-
1*(x(n)+(h/2)*dxdt) * (z (n) +
(y(n)+(h/2)*dydt) ;

dzdt2=((x(n)+
(b* (z (n)+ (h/2) *dzdt) ) ;

(h/2) *dydt) - (x

(h/2) *dxdt) * (y (n

(n

) +

) +
(h/2)*dzdt) )+

(h/2) *dydt))

x(n)) - y(n);
));

(h/2) *dxdt) ) ;

(p* (x(n)+

Robel 13

(h/2)*dxdt)) -
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x(n+l) = x(n) + h*dxdt2;

y(n+l) = y(n) + h*dydt2;

z(n+l) = z(n) + h*dzdt2;
end

Appendix 3
s=10;

pP=28;
b=(8/3) ;

for n=1:1999

dxdtl=s* (y(n)-x(n)):;
dydtl=(-1*x(n )*Z(n))+( x(n)) - y(n);
dzdtl=(x(n)*y(n)) - (b*z(n));

dxdt2=s* ((y(n)+(h/2)*dydtl) - (x(n) + (h/2) *dxdtl)) ;
dydt2= (-
1* (x(n)+ (h/2) *dxdtl) * (z (n) + (h/2) *dzdtl) )+ (p* (x (n)+ (h/2) *dxdtl))
- (y(n)+(h/2)*dydtl);
dzdt2=((x(n)+ (h/2) *dxdtl) * (y(n)+ (h/2) *dydtl)) -
(b* (z (n)+ (h/2) *dzdtl)) ;

dxdt3=s* ((y(n)+(h/2)*dydt2) - (x (n)+ (h/2) *dxdt2)) ;
dydt3=(-
1% (x(n)+(h/2)*dxdt2) * (z (n) + (h/2) *dzdt2) ) + (p* (x (n) + (h/2) *dxdt2))
- (y(n)+(h/2)*dydt2);
dzdt3=((x(n)+ (h/2) *dxdt2) * (y (n) + (h/2) *dydt2)) -
(b* (z (n)+ (h/2) *dzdt2)) ;

dxdtd4=s* ((y(n) +h*dydt3) - (x (n) +h*dxdt3)) ;

dydtd=(-1* (x (n) +h*dxdt3) * (z (n) +h*dzdt3) ) + (p* (x (n) +h*dxdt3))
- (y(n)+h*dydt3) ;

dzdt4=( (x(n)+th*dxdt3) * (y (n) +h*dydt3)) - (b*(z(n)+h*dzdt3));

x(n+l) = x(n) + h*(1/6)* (dxdtl+2*dxdt2+2*dxdt3+dxdt4) ;

y(n+tl) = y(n) + h*(1/6)* (dydtl+2*dydt2+2*dydt3+dydt4) ;

z(n+l) = z(n) + h*(1/6)* (dzdtl+2*dzdt2+2*dzdt3+dzdt4) ;

end



