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Numerical Methods for Solving Two-Current Model for Dynamics of Cardiac Membrane

Cardiac excitation (or a beat of the heart) involves the generation of the action potential (AP) by individual cells within their membranes, and the conduction of this AP from cell-to-cell. AP generation in a cell is carried out through a complex process of inflow and outflow of ions (Ca, K, and Na) within their membranes. When a step in this process goes awry, the heart is susceptible to arrhythmia, an irregularity in the heartbeat due to cardiac electric dysfunction. Thus, understanding the process of AP generation is key to unlocking the electrical behavior of the heart, and aiding in the progress of treating arrhythmias. This paper looks into one model of understanding the electrical activity of the membrane (more specifically the action potential generated in one cardiac cell) developed by Colleen C. Mitchell and David G. Schaeffer at Duke University]. It is the goal of this paper to solve the model using numerical methods as well as solve a revised version of the model at the recommendation of David Schaeffer in adding another current element, and compare the results to known graphs/plots of action potential over time in a cardiac cell.

BACKGROUND
Prior to diving into a numerical solution of the model, it is important to understand the physical mechanism of the model. To do this, we can start from the basics of cardiac excitation and current propagation, with the site of all cardiac activity, the heart. The heart is a muscular organ that is responsible for pumping blood throughout the body. It pumps blood through a series of vessels making up the cardiovascular system, in rhythmic contractions. These contractions are created first by the sinoatrial node (SA node), where electrical impulses are generated and carried throughout the cardiac cells that make up the heart. The series of impulses make up what is called “cardiac excitation,” involving the generation of action potentials by individual cells and conduction of the AP through intercellular gap junctions known as intercalated disks. 

AP generation is caused by changes in the transmembrane potential created by the displacement of charge across the membrane by movement of ions. Voltage-gated ion channels, pumps, and exchangers within the membrane that facilitate the movement of certain ions across the membrane are responsible for ion displacement. As positive ions flow into the cell, the membrane potential is elevated and said to be “depolarized.” Conversely, as positive ions flow outward, the membrane potential is reduced back to the resting potential and is said to “repolarize.” More specifically, it is the balancing act between sodium, calcium, and potassium ions that cause the action potential to fire. As the membrane potential is increased, the sodium and potassium channels open, and a large influx of sodium ions fights a large outflow of potassium ions to counterbalance the change in sodium. This displacement of charge creates a voltage difference; when this voltage difference rises above a certain threshold voltage value, the sodium current dominates the outward potassium current, so more sodium channels open to create a large membrane potential. What is unique to the cardiac cells is the action of these Na+ ions to trigger the release of Ca2+ ions from the sarcoplasmic reticulum, which cause muscle contraction within the cardiac cell. This process of depolarization in cardiac cells is driven by a unique property called “automaticity,” where the can depolarize spontaneously. After a delay, repolarization back to the normal resting membrane potential of the cell membrane is brought on when the potassium outflow overtakes the sodium inflow, bringing the membrane potential back to the normal voltage. 
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Now that the mechanism of AP generation has been discussed, a quick note is to be made in understanding the general shape of the action potential. In looking at the shape of the action potential shown on the left (Figure A), we can see that there are 4 main stages of the action potential: and can be described as: 1) rapid depolarization, 2) inactivation of sodium channels, and balancing of Ca2+ inflow and K+ outflow, 3) rapid repolarization, and 4) resting membrane potential. As described above, stage 1 in the figure represents the large influx of sodium/calcium ions to generate a large membrane (voltage) potential across the membrane. In stage 2, as the sodium channels inactivate, there is a slight competition between the Ca2+ pumps and K+ pumps for domination of the membrane potential control, which would slowly begin to bring the voltage down. Stage 3 shows the dominance of the outflow of K+ in the channels to repolarize the membrane. And lastly stage 4 indicates the membrane potential being brought back to its initial condition, awaiting the next electrical stimulation and generation/propagation of another action potential. 

PRE-EXISTING MODELS

One of the more famous models of quantitatively representing how the action potentials in neurons are initiated and propagated is the model developed by Alan Lloyd Hodgkin and Andrew Huxley in 1952. Winners of the Nobel Prize in 1963, Hodgkin and Huxley developed a model where the biophysical characteristics of membranes were modeled by circuit elements. The lipid bilayer is represented as a capacitance, and the voltage-gated/ion channels are represented by nonlinear and linear conductances. Electrochemical gradients are modeled as batteries, and ion pumps are modeled as current sources. The novel idea of modeling the membrane and generation of APs using circuit elements allowed their research with squid axons to help develop principles of nerve excitation, and make connections between properties of membrane ion channels to the develop of the action potential. The works of Hodgkin and Huxley inspired many others to try and quantitatively model the workings of action potentials, more specifically in the heart.


Stemming off the original Hodgkin and Huxley model, Denis Noble (1962) adapted the equations that were presented by Hodgkin and Huxley in their squid model, and made the assumption that potassium ions flow through two types of channels within the Purkinje fibers of the heart. Beeler and Reuter (1977) set out to model ventricular action potentials using the H-H models as a basis, and simplified the model by using only 4 individual ionic currents (instead of the 8 known) and adding in additional terms to represent intracellular calcium ion concentrations (unique to the heart). 


More recently in 1998, Fenton and Karma used a simplified ionic model of ventricular action potentials using three currents (sodium, calcium, and potassium). Contrary to many scholarly opinions at the time where simple models were thought to not have the capacity to fully capture the features of the action potential, the Fenton-Karma model had enough detail to quantitatively reproduce the behavior of the ventricular action potential at a computationally cheaper cost than other more complex models that gave the same outcome. It is from this simplified model that sprung Mitchell and Schaeffer’s two-current model. This model was obtained as a special case of the equations introduced by Fenton and Karma to reproduce the behavior of the action potential within a cardiac cell. 

TWO-CURRENT MODEL
According to the two-current model developed by Mitchell and Schaeffer, the transmembrane potential or voltage can be modeled as a function of time v(t) and is governed by the following ordinary differential equation:
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The rate of change in voltage with respect to time is described as the sum of the currents that enter and exit a cardiac cell in addition to input from any external stimulus. This general relationship between the rate of change in voltage and current can be observed from a circuit with constant capacitance, governed by Q = CV:
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In our model, we ignore current from the external stimulus Jstim other than what is specified in the initial conditions, in order to model the behavior of one action potential curve. The entering current Jin and exiting current Jout can explicitly be modeled as follows:
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Therefore, our ODE of interest can be described as:
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The constants 
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are assumed to be 0.3 milliseconds and 0.6 milliseconds respectively as were set by Mitchell and Schaeffer. The primary function of interest v(t) represents the scaled voltage as a function of time and is the primary function of interest. The function v(t) takes on values
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for any t > 0. The gating variable h(t) is a function of both the time and the current voltage v(t) and is governed by the following differential equation:
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In these equations, the constants 
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 are assumed to be 120 milliseconds, 150 milliseconds and 0.13 volts respectively as were set by Mitchell and Schaeffer. The function h(t) takes on the values
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for any t > 0. These parameters model the change of behavior in dv/dt when the voltage gate is opened and closed in the cardiac cell. As seen in equation (1), when the initial conditions are set such that 
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). As the voltage term v grows rapidly, it surpasses the
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parameter causing h(t) to be a decreasing function in t and eventually causing  
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 causing both dv/dt and v to fall back down towards zero and resulting in the distinguishable voltage vs. time plot for an action potential.

The first goal of this study is to produce a voltage plot for a single action potential, which is expected to look as the graph below, produced by Mitchell and Schaeffer (also Figure A above):
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The second goal of this study is to introduce an additional term representing the change in current due to the potential across distance and so the original ODE (1) can be revised as follows:
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The functions v and h can be transformed from functions of distance and time into a distance of a single parameter 
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Therefore a differential equation can be made which governs the voltage v as a function of a single parameter ξ:
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The value of 
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 was assumed to be 1 cm/sec. Under proper initial conditions, the plot of v(ξ) is expected to provide a periodic sequence of the action potentials with the length of period T. For every value of T, there exists a unique c such that the function v is periodic in ξ. For implementation into the algorithm, a fixed value of c was determined beforehand and initial conditions were determined such that the function v was periodic.

ALGORITHMS FOR NUMERICALLY DETERMINING SOLUTIONS
Equation (1): Basic Action Potential

In order to determine the solution function v(t) to equation (1), we used the Runge-Kutta-4 method to determine a solution with minimal error O(h4). We began with initial condition v(0) = 0.1, and the right side of equation (1) is used as the function f(tn, vn) necessary to compute the values of k1, k2, k3 and k4. As long as the value of voltage v is below
[image: image41.wmf]gate

v

, the value of h(t) is determined explicitly as function of time for the initial condition. The differential equation 
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 and initial value h(0) = 0.99 implies that the explicit formula for h is 
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 was 5 x 10-5 seconds and as well used for determining the coefficients of k1, k2, k3 and k4. The next step of the voltage is calculated as specified by the RK-4 method: 
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This continues on until the term vn rises above 
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. Once that occurs, a new method is implemented for determining the value of h.  A Forward-Euler method was used, which carries first-order accuracy. In order to ensure stability in the solution, a sufficiently small time step must be used. The time step of 5 x 10-5 seconds proved to be sufficient.

Equation (2): ODE With Additional Current Term

The equation 
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is transformed into a system of equations:
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Given this final set of equations, we were able to use the Forward-Euler technique for determining the desired solution 
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. Once again, the value of the voltage v is checked upon each time-step iteration and new values of hn are determined through Forward-Euler with the function f = dh/dt different if v > 
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This algorithm used a time-step of 10-4 seconds, an initial condition of v(0) = 0.1 and v’(0) = 75.3. The initial condition of v’(0) was determined by approximating the first derivative around zero once the graph of v(t) was determined in algorithm/equation 1. The value of c was set to 4.6. The initial value of h0 was set to 0.99 which is equivalent to the explicit solution in the first algorithm solved at t = 0. 

RESULTS:
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Figure 1 Action Potential solution plot for equation (1)
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Figure 2 Action Potential solution of Eq (1) with another action potential stimulated at 
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Figure 3 Action potential solution of Eq (1) with stimulation at resting potential
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Figure 4 Action potential solution of Eq (2): Periodic signal, stimulated at 
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DISCUSSION


The plots determined using the algorithm for equation 1 largely matched our expectation in terms of the overall shape of the graph. All four stages of the action potential are visually represented and the plot looks similar to the one found in literature. Furthermore, although the explicit stimulus current Jstim was removed from the model, time-dependent stimuli were still modeled as shown in Figures 2 and 3. In both plots, a voltage of about 0.1 V was added to the function v at a specific iteration, which corresponds to a particular time value. The final plot in Figure 4 shows an example of a periodic sequence of action potentials. If the initial conditions are changed, then there is a potential for the plot to diverge to positive or negative infinity, and so Figure 4 only appeared under certain circumstances.

In looking at the simplified two current model, it is easy to see the importance of the h values in terms of the change in voltage. As seen in the model, when the voltage is under a particular 
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, the gating variable h acts in a particular way, and when the voltage is over 
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, it acts in another way. This voltage dependent gating variable, allows for the modeling of the change in voltage to accurately reflect the 4 stages of the action potential, which can be seen in the plot that we obtained above (Figure 1).  

For other variations of the plot of one action potential, we were able to model the stimulation of the cardiac cell membrane at various times. As seen in the figures above (Figure 2, 3), we managed to stimulate the cardiac membrane with a large enough voltage change to begin another action potential. This was accomplished by setting the voltage at a certain time step above the gating voltage. When this is done, the h variable allows for the opening of the channels to initiate the action potential again.
The second model that was given to us by David Schaeffer with the additional current term was a challenge to try and solve because of the many unknowns that were given to us. The constant c and initial condition for the change in voltage were unknowns that we had to try and guess using a certain “shooting” method of guess and check. Also the only method of checking our solution was the concept that the final plot for voltage against ( was to be a periodic signal. After trying many combinations of c and the two initial conditions, we were able to manipulate the model and the code to produce a periodic signal. As seen in the figure above (Figure 4), we have action potentials periodically firing one after the other. However, this periodicity was forced, as we changed the model by stimulating the cell every time the membrane potential reached under 
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. We were able to restart the action potential after stimulating the membrane by setting the gating variable h to 0.99 to force it open again, and resetting the change in voltage to encourage the spike.

A sensitivity analysis for the unknown variables can be mentioned here. We found that when we change the model to include this periodic stimulation of the membrane, for all c values under a particular value (c=4.6), the action potentials would never repolarize (complete the action potential), but rather would either rise in voltage to infinity, or decrease in voltage to negative infinity. When c was increased above 4.6, the period of the action potentials decreased, and we saw this pattern as c was increased. Also, for the change in voltage initial condition, with increasing values, the amplitude of the initial action potential would increase. However one interesting characteristic that was noticed was that regardless of the height of the peak of the first action potential, the remaining peaks of the periodic signal would still remain a constant value of about 0.9.

The numerical methods that were used to solve this model were not complicated (Runge-Kutta 4, Forward Euler, and Systems of ODE’s using Forward Euler), but it was the small nuances of the model that made the solution slightly difficult to calculate. In both models we had to solve two ODE’s (although one was linear), and because of the voltage dependent h variable, we had to fit our numerical method to make sure that it used a particular h after checking what the value of v was. Because of this characteristic of the two-current model, the finding the solution for voltage in both cases was slightly difficult, but we were able to find them and manipulate the models and code slightly to see what additional things we were able to do with our solutions. Furthermore, complications could have arisen from using the Forward Euler technique for the system of ODEs since it only contains first-order accuracy. The periodic sequence in Figure 4 does not show much resemblance to the distinguishable shape of the action potential graphs as seen in Figures 1, 2 and 3. The action potential generated in the first three figures and in algorithm 4 relied largely on the Runga-Kutta-4 method, which provided precision at fourth-order accuracy. It is possible that the difference of the shape of the action potentials in Figure 4 versus other figures could be due to the first-order error of the Forward Euler method. Finally, one of the largest complications in the algorithm was the arbitrary nature in deciding the initial conditions. Many times, initial conditions were chosen so that the expected shape of the plot appeared. 

CONCLUSION


In conclusion, we give thanks to David Schaeffer for introducing us to this problem and giving us help in understanding the model. Because we adapted the more complicated model as a special case of the one presented to us, there is still more work to be done in the creation of a periodic signal, without have the cardiac cell stimulated periodically. But in using numerical methods for this model, we were able to successfully calculate the solution for voltage of the simple case (one action potential) and for voltage in the case of a periodic stimulation of the cardiac cell membrane to create plots that match known figures and expectations.  
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APPENDICES
Code for Solution to Eq 1

Code for Solution to Eq 2






Figure A Action potential plot
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