TODAY’S TASK

To understand the relation between the Eu-
clidean geometrical constructions and algebra,
especially addition, subtraction, multiplication,
division, and the extraction of square roots.



The historical development of Cartesian geometry took place over
about a century and a half, from the middle of the sixteenth to the end
of the seventeenth, and was neither begun by Descartes nor ended by him.
His concerns were none the less to some extent ours, the discovery and anal-
ysis of geometric constructions by algebraic means. On the other hand, the
use of a rectilinear coordinate system, so familiar to us from various cities,
especially New York, is not to be found in Descartes, where indeed one
does not see a coordinate system at all. Descartes published his views early
in the seventeenth century. Coordinate systems in a sense approximating
ours did not appear until late in the century, in particular, in the works of
Newton and Leibniz.

Nevertheless Descartes concerns are closer to ours than are those of
other authors, whom I am in any case not yet in a position to discuss.
Descartes not only published in the vernacular but also has been widely
translated, so that he is much more accessible than many of the others.

Since some familiarity with coordinate systems and their manipulation
is almost universal in the modern world, it will be most efficient to be quite
ahistorical and to run through a standard, textbook treatment, so that
we can get on to Gauss within a reasonable time Even so a few scattered

references to Descartes will be useful, just for fun.



We shall have to analyze algebraically the constructions of Euclidean geometry, thus
analyze these constructions in terms of Cartesian geometry. We examine first translation
and rotation. Once the coordinates are chosen, we can consider translation by a given
(a,b), thus translation by a parallel to one axis and then by b parallel to another, where
it is understood that a or b could be negative, thus comprise both a magnitude and a
direction and that then we are to translate to the left or downward. Consider the first
step. To translate the point (z,y) parallel to the horizontal axis, thus parallel to the axis
of abscissas, we draw a line through p = (z,y) parallel to this axis, a construction that,
according to Euclid, can be carried with a ruler and compass. Then with the help of a
compass, we mark on it a point to the right or left of p, according to the sign of a, that is
at a distance from it equal to the magnitude of a. The second translation is effected in a
similar fashion. In particular, therefore, the cosntructions of Euclidean geometry allow us
to add or subtract two numbers, which could be, for example, a and z.

Multiplication is a different matter, because there is a philosophical point to discuss
first. In Cartesian geometry we have a fundamental length, so that it is appropriate to
identify lengths and numbers. We can therefore add two lengths or two numbers, and
scarcely notice the difference. Multiplying two lengths yields however an area, which is
not yet identified with a number, so that we have to be careful. We should therefore be
explicit about the fundamental length. We call it A\. Then another length is p and it is
only u/A that is a number, a proportion or a ratio in the language of Euclid. How then
do we multiply two proportions p/A and v/A. We use similar triangles. We can divide in
a similar way. All we need is exchange the roles of v and 7.

Since rotation is an operation that can, as we have seen, be carried out by multiplying
coordinates, rotation of a given point, and thus of a given line, determined by any two
points on it, can be carried out explicitly provided that the angle is given, either by its
sine and cosine or by the two lines that form it, for from them the sine and cosine can be
determined.



Cartesian or analytic geometry
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Observe that in Cartesian geometry a length is only implicit,
or if one prefers there is no length, it has been replaced by a pure
number. Thus in Cartesian geometry the notion of number is pri-
mary and independent of length, whereas in euclidean geometry the
notion of number is secondary and is derived from that of length.

The notion of conguence that is so essential for Euclidean ge-
ometry has now to be made explicit as a combination of translations
and rotations. I recall the formulas.
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Rotation
Rotation is more difficult. Recall that rotation of a figure and especially
of a point is a turning about some given point that we can take at first to
be the origin. A rotation is through an angle and we have first to be able to
specify an angle. This is done — as you will no doubt be delighted to discover
— through its sine and cosine.

We want to rotate.

How do we find the coordinates (z,y") in terms of (x,y)?



Measurement of angles.




An angle is normally measured by the length of the arc it subtends. This length can be
measured in two different units: degrees or radians. Degrees are defined by the condition
that the total circumference have length 360° and radians by the condition that the total
circumference have length 27, thus by the condition that the radius have length 1. We

shall use radians as our measure. A right angle contains 90° or 7/2 radians.
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The point (x,y) is at a distance r = /22 + y? from the origin, about
which we are rotating. There are two triangles in the figure similar to the
triangle with vertices (0,0, (z,0), (z,y), a triangle which itself is not shown. It
is right-angled with hypotenuse r, vertical side y and horizontal side z. Of the
two triangles, one has hypotenuse 7 cos(#). The other has hypotenuse r sin(6).
The one whose sides are not given has its vertical side equal to zsin(#) and
its horizontal side equal to ysin(f).

We are trying to find the coordinates (2’,1’). They are seen to be

2’ = xcos(f) — ysin(h),
y' = xsin(6) + y cos(0).
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