Stokes’ Theorem.
Let n be a positive integer, let V' be an open subset of R™ and let m be an integer such that 1 < m < n.
Stokes” Theorem will follow rather directly from the definition of the integral of a differential form over

a submanifold and the following Proposition.
Proposition. Suppose ¢ € AQH(U’”). Then

(1) /m dip(t)(er, ... em)dt = 0

@) /U+ db(t) (er,. . o) dt = (—1)m/ it () (01, -+ m_1) ds.
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Proof. For each j=1,...,m set f; = e’ Aw. We have

dp =3 & Nojp =) 0;f;.
Jj=1 J
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From Fubini’s Theorem and the Fundamental Theorem of Calculus we conclude that (1) holds and that

/Um71,m,+ diy(t)(er,...,em)dt = — /Umfl,m,+ fm(t)dt = — /Umil fm ©im—1.m(s)ds.

For any t € U™ we have

—fm(t) = (=1)"(e™ AY(t)) Lem(er, ... em-1) = (=1)"d(t)(e1, ..., em-1);

moreover, for any s € U™~ ! we have that

(—1)mim,1,m#w(s)(e1, coseme1) = Y(m—1.m(s))(e1,...,emn_1)

so (2) holds. O

Stokes’ Theorem. Suppose M € M,, ,, and s is an orientation for M and Js orients M. Then

/w:/ dw whenever w € Ay (V).
M oM

Proof. Let A be an admissible subfamily of Q(M, V). We have

dw = d( Z X)w=d Z Xw = Z d(xw)

(U,¢,x)€A (U,9,x)€A (U,9,x)€A

[ao= 3 [ aow)

(U x)eA” M

SO

= Z so(U7¢)/d)_l[M]¢#d(xw)(t)(e17...,em)dt

U,9,x)eA

= > so(U,¢>)/¢_l[M]d(qﬁ#(Xw))(t)(eh...,em)dt.

U,9,x)eA



We have

w = ( Z X)w = Z Xws

(U,9,x)EA (U, x)€A

keeping in mind that (U, ¢ o ip—_1,m) € P(OM,V) whenever (U, ¢) € P(M,V) we find that

Lo 5 L
oM (U.px)eA” M

= Z SBO(Ua¢Oim—1,m) / (¢Oim—l,m)#(Xw)(t)(ela--~7em—1)dt

(U,gx)€A ¢ [OM]
= Y CUsaU0) [ (0F (@) @ens )t
(Udx)€A ¢ [OM]

Suppose (U, ¢, x) € Q(M, V). Then exactly one of the following holds:

¢ HM]=U™ and ¢ '[OM] = 0;
(b_l[M] = U™t and (Z)_l[aM] — Um—l,m;
¢ M) =0 and ¢ l[OM]=0.

Applying the previous Proposition with 1/ there equal ¢# (yw) we find that

/ d(¢" (xw)) (t)(e1,...,ey) dt = (fl)m/ i1 (67 (w)) (t)(e1, . .., em—1) dt.
¢~ [M] ¢~ [OM]



