Homotopies and the Poincaré Lemma.

Let I = [0,1] and let T" be the vector field on R x R™ which assigns the vector (1,0) to each point
of R x R™. Let p and ¢ be the projections of R x R™ on R and R", respectively. For each t € R let
it : R" — R x R"™ assign (¢,z) to x € R™.

Proposition. Suppose w is a smooth m-form defined on some open subset of R x R™. Then
d(trw) + vr(dw) = Orw.

Proof. We have

(1) dw = pAaTw+Zej 0q A D,e;)Ww-
j=1
Moreover, if U € R x R"™ then
(2) LTan = aULTw.
It follows from (1), (2) and the way interior multiplication interacts with wedge that
n .
tr(dw) = Orw — Or(Lrw) — ZeJ ogqA 8(0183.)(//1"(4)) = Orw — d(1rw).
j=1
O
Definition. Suppose w is a smooth m-form defined on some open subset V' of R x R™. Let
Vi={z e R": (t,z) € V whenever t € I}.

Let
wy € Am71 (V])

be such that .
wi(z) = / i# (1) () dt
0
for x € V7.
Lemma. Suppose w and V are as in the previous Definition. Then
d(wr) + (dw)r = iTw —iffw.
Proof. For any (¢,x) € R x R" we have
7 (d d = d(if 7 ur(d
i (d(erw) + v (dw))(x) = d(if rw)(x) + 17 vr(dw)(x)
and p
iforw(x) = S (if o)),

Integrate from ¢t = 0 to ¢ = 1 and make use of the preceding Proposition. O

The Poincaré Lemma. Suppose U is an open subset of R"™ wihich is contractible; this means, by
definition, that there are a map
h:IxU—-U



and a point a in U such that h has a smooth extension to an open set containing I x U,
(1) h(1,p) = p whenever p € U and
(2) h(0,p) = a whenever p € U.

Then any smooth closed m-form on U is exact. That is, if w € A™(U) and dw = 0 then there is
n € A™~1(U) such that
w =dn.

Proof. By the result of (3) we have
d((h*w)p) + (d(h#w)); = i h#w — i hw.

But d(h#w)) = h#(dw) = 0, hoi; is the identity map of U so z'f&h#w = w and hoig is constant so il h#w = 0.
Thus we may set n = (h#w);. O



