Orientation.

Let n be a positive integer, let m be a positive integer not exceeding n and let V' be an n-dimensional
vector space.

Associated subspaces. For each £ € AV we let
Ass(§) ={veV:vA{=0}
and note that Ass(€) is a linear subspace of V' which we call the subspace associated to £.

Proposition. Suppose { € A,V ~ {0}. Then dim Ass(§) < m. Moreover, if | = dim Ass({) > 0 and
v1,...,v; is a basis for Ass(§) then I < m and

E=vi AN ...y A

for somen e A,,_, V.
Proof. Suppose | = dim Ass(¢) > 0 and vq,...,v, be a basis for V such that vq,...,v; is a basis for

Ass(§). Write
&= ), Oon

A€alt(m,n)

For each : = 1,...,] we have

0=v;NE= Z v (&)vs Avy

A€alt(m,n), i¢grng A
which implies that v*(¢) = 0if i € rng \. O

Definition. Suppose m is a positive integer and £ € A, V. We say £ is decomposable or simple if there
are vy, ...,U, € V such that £ = v1 A -+ Avy,. In view of the preceding Proposition, ¢ is decomposable if
and only if dim Ass(§) = m.

Example. Let { =e; Aes+eshese\, R*. If £ € R* we have
rANE=x3e3Ne Ney+x4esNesN+xi1e; ANegsANep Aey+ Toes Aeg Aey.
It follows that Ass(¢) = {0}.
Suppose M € M,,,(V).

Definition. We let
O(M)

be the set of continuous maps
M
o — /\m V

such that
Ass(o(a)) = Tan, (M) for each a € M.

We say o is an orienting m-vector field for M if o € O(M). We say M is orientable if O(M) # 0.
Definition. Suppose M is orientable. Whenever o; € O(M), i = 1,2, we let
c(o1,02) : M — R ~ {0}

be such that
o1(a) = c(01,02)(a)oz(a) whenever a € M
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and note that c(og,02) is continuous. Let
o(M) ={(01,02) € O(M) x O(M) : c(01,02) > 0}

and note that o(M) is an equivalence relation on O(M); an orientation of M is, by definition, an equivalence
class with respect to o(M) If o € O(M) we call the equivalence class of o with respect to o(M) the
orientation of M induced by o.

Definition. Suppose M € M, (R"™); that is, M is an open subset of R™. Then
Maan—>e1/\-~-en€{§e/\mR":|§\:1}
is an orienting vector field for M and we call the induced orientation the standard orientation of M.
Unit normals to hypersurfaces. Suppose m =n — 1 and
N:M—Ss"!

is a continuous map such that
{tN(a) : t € R} = Nor,(M).

Let
o(a) =(e1 A---Ae,)LB(N(a)) forae M.

Then o is an orienting vector field for M and
N(a) No(a) =e1 A---Ne, forae M.
We call orientation of M induced by o the standard orientation of M.
Orienting a boundary. Suppose 1 < m and M € M,, (V).
Theorem. There is one and only one map
n:oM — 8" !

such that
—n(b) € Nor,(OM) N Tan,(M).

Proof. This is a straightforward consequence of the definitions. 0O
Definition. The map n in the preceding Theorem is called the outward pointing unit normal to M
along OM.

Theorem. Suppose o is an orientation for M. Then there is one and only one orienting vector field do of
OM such that

Mlim bo(a) =n(b) A do(b) whenever b € OM.
Sa—

Proof. Exercise for the reader. The point here is that if (U™, ®,U) € Diffeo,, is such that U C V, ®(0) = b
and U N M = ®[U™™ | then there is s € {—1,1} such that

\ /\m 0P(t)(er A+ Aewy)| = so(cb(t))(/\m OP(t))(e1 A Nep) fortel.

Moreover,
02(0)(e,,) en(b) < 0.

O
Definition. We call the orientation of M induced by do the orientation of M induced by o.
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The torus and the Mdbius band. Let J be the skewsymmetry of R? such that
J(el) = €eq, J(eg) = —eq, J(e3) =0.

Note that
7, 0ecR

rotates R? by # radians in the right-handed sense around the xsz-axis. For each ¢ € R let
U(¢) =cospe; +singpes and V(¢) = —singe; +cosges, ¢ € R;
note that U’ =V, that {U(6),ea, V(0)} is an orthonormal basis for R® and that
UB)Nes AV(0)} =es ANeaAes, H€R.
Suppose 0 < R < oo. Let S = {(p,0,¢) € R®: —R < p < R} and let
F:S—R?

be such that
F(p,0,¢) ="’ (Rei + pU(¢)), (p,0,0) € S

Note that F' is univalent on the sets
(—R,R) x (a,a+2m) x (b,b+ 2m)
corresponding to a,b € R. For any (p, 0, ¢) € S we have
DiF(p,0,0) =" (U(4)),
02F(p,0,¢) = eeJ( (Re1 + pU(¢ )) = eoJ((R+pcos¢)e2),
05F (p,9,0) = " (pV ()

0
/\3 OF (p,0,p)(e1 Nex Aes) = p(R+ pcos @) /\3 e®7e; Nesy Aes.

Suppose 0 <7 < R.
Set

T, = {F(r,0,) : (6,¢) € R*}.
One calls T} a torus. Evidently, T, € My(R?). We may define
N:T, —S°
by requiring that
N(F(r,0,0)) = 01F(p,0,0) = " (U(0)), (6,9) € R.

It follows from the foregoing that N is a unit normal field along T); in particular, T, is orientable.

Set
fr(pa¢) :F(p?2¢7¢)7 (p7¢) € (_rﬂﬁ) xR
and let
M, = rng f,.
One calls M, a Mébius band. Evidently, M, € Mz(R?).
Note that

f-(0,0) = Rey = f(0,).
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We have
d1f(p,d) = 01F(p, 20, 9) = >/ (U(¢)),

021 (p, @) = 202F(p, 20, ¢) + O3 F (p, 20, ¢) = €**7 (2(R + pcosg)es + pV(cb))
for (p,¢) € (—r,r) x R. Let

E(p,0) = N\, 0F:(p,d)(e1 Aer),  (p,9) € (—r,r) x R.

We have
§(p. @) = 202F(p,26,6) N 03P (p,20,0) = J\ e ((R+ peos d)ez A pV (9))

for (p,¢) € (—r,r) x R. In particular,
g(p7 (b) 7é 0 for (p7 (b) € (_T7 T) x R.

Since
£(0,0) = 2Re; ANey = —£(0,m)

we find that M, is not orientable.



