Integration of a scalar function over a submanifold.
Suppose n is a positive integer, V' is an n-dimensional inner product space, 0 < m < n and M € M, (V).
Definition. We say (7T, ¢) is a smooth local parameter for M if
(1) T is an open subset of R™;
(2) ¢ : T — V is smooth;
(3) rng ¢ C M;
(4) ¢ is univalent;
(5) dimrng 0¢(t) = m whenever t € T.
If (T, ¢) is a smooth local parameter for M we define the smooth function
Jm¢: T — (0, 00),

the m-Jacobian of ¢, by letting

Jmd(t) = \/det dg(t)* 0 dp(t) whenever t € T.

We say a function f on M with values in a topological space is Lebesgue measurable if f o ¢ is
Lebesgue measurable whenever (T, ¢) is a local coordinate for M.
We let
Ly

be the family of Lebesgue measurable functions.

Remark. Suppose a € M. Then there are an open subset U of V and (U, ®, U") such that a € U, ®(a) =0
and (M NU] = U™". It follows that (U™" &~ ! 04, ) is a local parameter for M whose range contains
a.

We say (W, ) is a smooth local coordinate for M if

(1) W is a subset of M which is open relative to V;

(2) ¥ : W — R™

(3) (¥[W],4~1) is a smooth local parameter for M.
Theorem. Suppose

(1) (T, ¢) is a smooth local parameter for M;

(2) U is an open subset of V and ¢(t) € U;

(3) (U, ®, U) € Diffeo,, ®(¢(t)) = 0 and ®[M N U] = U™,

Then
(4) Dmn © o ¢ € Diffeo,,.

Proof. Let F = p,, 0 ®0¢. Then dmn F =T N ¢~ [U] which is an open subset of R™, F is smooth and
F is univalent. Moreover, by the Chain Rule, we have that rngdf(u) = R™ whenever v € dmn F. The
assertion to be proved now follows from a Corollary to the Inverse Function Theorem. O
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Corollary.  Suppose (U,%) is a smooth local coordinate for M. then ([U],1~1) is a smooth local
parameter for M.

Proof. We have only to verify that ¢[U] is open relative to M and this follows directly from the preceding
Proposition. O

Corollary. Suppose (T3, ¢;), i = 1,2, are smooth local parameters for M
(Ty N7 0 do[To), 65" 0 61, To N 6" 0 61[T4]) € Diffeo,,.

Proof. It is evident that the T} N ¢ *[T2] and Ty N ¢; *[T3] are open sets of R™ which are the domain and
range of ¢2—1 o ¢1. It is evident that %—1 o ¢ is a univalent function.

Suppose t; € T1 N (bfl o ¢o[Ts]. Let (U, ®,U"™) be such that U is an open subsets of V, ¢1(t1) € U,
(U, ®,U") € Diffeo,,, ®(¢1(t1)) =0 and ®[M N U] = U™". We have shown above that

Dmn © ® o ¢; € Diffeo,,,, i =1,2.

Since
(63" 0 ¢1)|o7 U N ¢2[T2]] = (P © P o d2) ™ 0 (Dm0 o 1)

and since ¢ '[U N ¢o[T3]] is an open subset of R™ containing ¢; the proof is complete. O
Lemma. Suppose (T}, ¢;), i = 1,2, are local parameters for M, f € L}, and
f(a) =0 whenever a € ¢1[T1] N ¢1[Tz].

Then
fodrmdr= [ [fodamds.
Ty T2
Proof. Replacing T) with ¢, '[Ts] and Ty by ¢5'[T1] we may assume that ¢1[Ty] = ¢2[T»]. From the

preceding work we have that (T4, ¢ Lo ¢1,T2) € Diffeo,,. From the Change of Variables Formula for
Multiple Intgrals we infer that

; fo ¢y Jmps = i fodao(dy' 0d1) Jmpao(dy" o¢r)|detd(¢y" o ¢1).

The Lemma will follow if we can show that
Jmd1 = (Jm¢z) 0 (63" 0 1) [det (3" 0 ¢1).
Suppose t; € T and let ty = ¢2_1 o ¢1(t1) € T». By the Chain Rule we have
0¢1(t1) = 0s(t2) 0 0(65 " 0 dn) (1)

so that
01(t1)* = (¢ ' 0 ¢1)(t1)* 0 Da(ta)™.

Thus
0p1(t1)" 0 0p1(t1)

= (963" 0 01)(1)" 0 00 (t2)") o (9a(ta) 0 D65 0 1) (1))
= 9(¢y ' o pr)(t1)" o (8¢2(t2)* ° 3¢2(t2)> 0 d(¢3 " 0 ¢1)(t1)

so that, by the Product Rule for Determinants and the fact that
det L* = det L whenever L € L(R™;R™)
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we find that
1 (t1) = |detd(d; " 0 ¢1)(t1)] T2 (t2).

O
Lemma. There is a countable family 7 of smooth local parameters for M such that
M=U{T: (T,9)eT}.
Proof. Exercise for the reader. O
Lemma. Suppose f € EIJ\F/[ and
(1) (Su, @), p=1,2,3,..., are smooth local parameters for M;
(2) UpZrmg oy, = M;
(3) A1 =rngay and A, =rnga, ~ U, rnga, if mu > 1;
(4)
oo
1= [ (F1a) e auinan
p=1 S

(5)(Ty,B.), v =1,2,3,..., are smooth local parameters for M;

(6) UpZrng B, = M;

(7) B1 = rng 1 and B, = rng f, ~ Us<,rng fs;

© )

1= [ (G110 B
v=1"Tv

Then
I=J

Proof. We have - -
11\/1221,4# and lN:Z]-Bu‘
p=1 v=1

Thus

I:ZZ/S(]C].AM:[BV)Jma# and J_ZZ/TV(flAule)OﬁVJm/@v-

p=1v=1 v=1 pu=1

(Why?) That I = J now follows from a previous Proposition. O
Theorem. There is one and only one function
I« L3 — [0, 00]
such that
(1) I;i; 202 fo) = Yoot o I, (f.) whenever f is a sequence in £3;
(2) I (f) = [ f © ¢ Jm¢ whenever f € M and f(a) = 0 whenever a & rng ¢.
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Proof. Combine the preceding two Lemmas. O

Definition. We let
Ly

be the vector space of Lebesgue measurable function f : M — R such that I]T/[(|f|) < 00. For each f € Ly
we let

In(f) = Iy () = I3 (7).



