Integration of a differential form over an oriented submanifold.

Let m and n be positive integers, let V' be an open subset of V' and let M € M,, (V) and let o be an
orientation for M. We want to define a linear mapping

| A -

which “does the right thing”; what the “right thing” is will be spelled out below.
Lemma. Suppose w € AT (V),
(Uia(bi) S P(Ma V)a 1= 172

and
sptw C Uy NU,.

Then

o(Ur, ¢1) /¢_1[M] o7 w(ti)(er, ... en)dh _0(U2,¢2)/¢ P w(ta)(en,. .., en)dts.

2 [M]

Proof. Because sptw C Uy N Uy we find that

o(Uy, ¢1) /

¢1#w(t)(e1,...,em)dt:o(U1,¢1)/ Srtw(t)(er,. .. em) dt
¢ [M] #7 H[Uan M)

and

o(Us, ¢2) /qbl[M] o w(t)(er,. .., en)dt = o(Us,d2) /q5 P w(t)(eq,. .. emn)dt.

5 [UinM]

From the Change of Variables Formula for Multiple Integrals and the fact that (¢7 ! [U2NM], ¢5 Lody |7 [Uan
M), 5 Uy N M]) € Diffeo,, we infer that

0(U27 ¢2) /4;1[U ] ¢2#w(t2)(e17 e 7e’m) dt?
= o(Uz, ¢>2)/ G2 w(dy ! 0 di(tr))(en, ... em)|det oy " 0 d1)(t1)| dt:.
é1 H[U2nM]

Suppose t; € T; and ¢1(t1) = ¢2(t2). The Lemma will follow if we can show that

o(Us, ¢2) o™ w(dyt 0 d1(t1))(en, .. en) |det Dy 0 61)(t1)] = o(Ur, ¢1) 1 Fw(ti)(er, ... em).

Then
o(Uy, ¢1) = sign det 8((;52_1 o ¢1)(t1) o(Us, ¢2)
and
$Fw(t)(er,. .. em) = (20 (5 0 d1)) w(ts)(er,. .. em)
- ((¢2_1 o (bl)#(b#w)(tl)(el, ce )
=det d(p; " 0 d1)(t1) pFw(ts)(er, ... em).
O

Theorem. There is one and only one linear function

/M-:AB"(V)HR

1



such that

/Mw =o(U, ¢) / pw(t)(e, ... en)dt

=1 [M]

whenever (U, ¢) € P(M,V), w € AJ*(V) and sptw C U. Moreover,

/M”:

whenever w € Af*(V) and A is an admissible subfamily of Q(M, V).
Proof. For each admissible subfamily A of Q(M,V) we set

/ ¢7‘7é()<w)(t)(el7 coyem)dt
= 1[M]

(U6, x)€A

Ja(w) = Z / " (xw)(t)(e1,...,em)dt whenever w € AT (V).
(Wdx)ea” ¢ M

Suppose (U, , X) € Q(M,V) and A is an admissible subfamily of Q(M, V). Then

> dFw)d)(er, ... em)dt

(U,9,x)€A

= ¢#( Z (Xw))(g)(elv"'vem)

(U,9,x)€A

:J)#(( Z X)w)(f)(el,...,em)
(U,p,x)€A
= é#w(f)(el, cey€m)

for any £ € U™. Then, by the preceding Lemma, we have for any w € D(V) such that sptw C U that

Jaw)= Y o(U,QS)/(b_l[M]¢#(Xw)(t)(e1,...7em)dt

(U,¢,x)€A
- O(U’ (;5) 5 QE#(XW)({)(GM cee 7em) df
& s /‘z’l[M]
=o(U,¢ 2 (xw) () (e o em)dt
o9 [N H)ien - en)di

(U,¢,x)EA

=o(U, &)/ | o*w(d)(et,... en)di.

¢ [M

Suppose A;, i = 1,2, are admissible subfamilies of Q(M, V). The proof will be complete if can show
that
J.Al = JA2'

But for any w € A7'(V) we may use (1) to calculate

Jaw) = > Ja(xew)

(U2,¢2,x2)€A2

= Y[ etemen e
(U2,¢2,x2)€A2 " 72

= JAz (f)



