1. FOURIER SERIES.
Definition 1.1. Given a real number P, we say a complex valued function f on R
is P-periodic if
flx+P) = f(x) forallzeR.
We let
P

be the set of complex valued 27-periodic functions f on R such that
1;f € Leb; whenever I is a bounded interval.

(Replace Leb; by Riem, if Leb; makes you nervous. A great deal of what follows
will still go through.) It follows from our previous work that P is a vector space
over C with respect to pointwise addition and scalar multiplication.

Here is a Corollary of Holder’s Inequality.
Theorem 1.1. Suppose 1 < p < g < co. Then
1£1lp < @m)/P=9)|f]|,  whenever f € P.
In particular,
Py CPp.

Proof. If ¢ = oo the inequality holds trivially (Why?) so suppose ¢ < co. Let
p=¢q/pand § =p/(p—1) so p and ¢ are conjugate. From the Holder’s Inequality
we infer that

17115 = 1Pl < £ 1Pl rllg = 115 (2m) P/,

Of particular interest is the case p = 2; we will frequently write

1]
for || f]]2-
Proposition 1.1. For any f € P; and any a € R we have

T+a ™

/ flx)dz = f(x)dx.
—7+a -

Exercise 1.1. Prove this Proposition. To start, show that if f is Riemann or

Lebesgue integrable on R™ then

I(r.f) =1I(f) foraeR"

where I is either R or L, respectively. Here 7,(z) =  + a for z € R"™ and 7,f =
fo(ra)™t=for,.

Definition 1.2. Suppose f,g € P. Wesay f and g are complementary if fg € P;
in which case we set

(f,9) = j f(x)g(z) dx.

If f € Py and g € P, for some p, g such that 1 < p,q < oo and p and ¢ are conjugate
then f and g are complementary by virtue of Holders Inequality.
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In case p = 2 = q one easily verifies from the linearity of the integral that
('a )

is a pseudo-Hermitian inner product on Py. The “pseudo” is necessary because

fll2 =V (f; /) =0

only implies that {x € R : f(z) # 0} is a set of measure zero and not that f =0
which means, by definition that f(x) = 0 for all z € R. (Note that if 0 < n < 0o
then

T

L ({z € (-] [f(@)] = n}) < / (@) dz = f]*)

—T

Definition 1.3. For each n € Z we let

1 .
E,(z)= e* for x e R;

Ver

evidently, F,, € Pwo.

1.1. Discussion and more definitions. Suppose A € C ~ {0}. Then d%e;‘: =
e 2z € R. Soif —0o < a < b < 0o we may use the Fundamental Theorem of

Calculus to obtain

b eA:E
AT dy =
a A

(EmaEn) = {

That is, the set {E, : n € Z} is orthonormal with respect to (-, -).
For each N € N we let

a A ’
Thus
1 if m=n,

0 else.

N
be the linear subspace of Py, spanned by {E, : |n| < N} and we call the members
of Ty trigonometric polynomials of degree N.
For each f € P; we define
f:7—cC,

the Fourier transform of f, by letting

f(n)=(f,E,) fornelZ.

One of our goals is to reconstruct f from its Fourier transform. As a first step in
this direction, for each nonnegative integer N and each f € P; we set

Snf= Y (£ E)E, = Y f(n)En.
[n|<N [n|<N
In particular, if f € Py then Sy f is the orthogonal projection with respect to (-, -)
of f onto Ty.

Theorem 1.2. (Bessel’s Inequality.) For any f € P; we have
Do < JIfIPE.
neL

Remark 1.1. Plancherel’s Theorem, which comes later, will give the opposite
inequality.



Proof. This follows from our work on orthogonal projections.
Here is a recap of what we did there. Let N be a positive integer N. Keeping
in mind the orthogonality of the E,,’s we obtain

N R N )
0<(f= > fMEwf= Y f(n)Ey)
n=—N n=—N

= (£ =Y. (fME. )= DY (FF0E)+ (D f(n)E,, fn)Ey,)

In|<N In|<N In|<N In|<N
= (f.f) - Z F)(En, f) — Z Ff)(f, En) + Z fn)f(n)E,
[n|<N [n|<N [n|<N
= |IfI]> = Z |f(n)]?.
In|<N

O

The Fourier transform behaves nicely with respect to translations. Suppose
h € R and f € P. Recall that

hf(z) = f(x —h) forz € R.

By the by the translation invariance of integration and the first Proposition in this
section we have

T w—h g
| i@l = [ if@lde= [ @) <o
so that 7, f € P. It follows that 7, f € P, whenever 1 <p < oo and f € P,,.

Proposition 1.2. We have

(i) 73, is linear for each h € R;
(ii) Thy, © Thy = Th,+h, Whenever hy, ho € R;
(iil) (7nf,7hg) = (f,g) whenever f,g € P and h € R.

Exercise 1.2. Prove this. It’s very straightforward.
Proposition 1.3. Suppose f € P and h € R. Then

Tf(n) = e~ f(n).
Exercise 1.3. Exercise.

Definition 1.4. Suppose f,g € P;. For each x € R we set
" T — d if 4 xr — dy < oo
f*g@){gﬂf( v dy if [T 1f(x—y)g(y)ldy

else
and we call f * g the convolution of f and g.

Recalling Tonelli’s Theorem we note that f * g is a complex valued 27-periodic
Lebesgue measurable function on R. Recalling Young’s Inequality we note that if
p.q,7 € [1,00],
1 1 1
S === +1,
p q r

f € Ppand g € P, then

1F = glle < 11 f11pll9]lq-



By Tonelli’s Theorem the first of the above cases holds for almost all x € R.
Evidently, f % g is 2w-periodic. Our previously developed theory of convolutions,
with natural modifications, applies here.

Proposition 1.4. Suppose f,g € P. Then
frg=Vorfy.
Exercise 1.4. Prove this.

Definition 1.5. For each nonnegative integer N we define the Dirichlet kernel
Dy by letting

1
Dy = — Z E,.
VAT a<h
Proposition 1.5. Let N be a no-negative integer. Then
(i)
Dy (x)

- sin &
2

2N +1 else;
(ii) Dy is even and [ Dy(x)dz = 1 and
(iii) Syf = Dy « f for any f € Py.

Proof. Suppose N and x € R ~ {0}. Then

1 {S”’(Nﬂ%)z if £ 0,

1 X,
Dy(x) = o en®
n=—N
1y, 1 — (ei)2N+1
= ¢ 1—ei

1 efi(N+%)z _ ei(NJr%):r

2m e — '3
3 1
_ 1 sin(N + 3)x
2r  sin%Z 7

2
and it is evident that Sy (0) = 25+ so (i) holds.
To prove (ii), note that

™ 0 ifn#0
/emdx:27r(En,EO)={ ifn#0,

21 else

—T

for any integer n.
To prove (iii), suppose f € P and = € R and observe that

Snf(z) = Z (f, En)En

[n|<N
1 4 . )
_ T Z ( f-(t)e—mt dt) eine
Ty \ 7
™ 1 . _
:/ <2W D et “)f(t) dt
o In|<N

= Dy * f(x).
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Lemma 1.1. (The Riemann Lebesgue Lemma.) Suppose f is Lebesgue inte-
grable on R. (This means that f € Leb;.) Then

lim /f(x) sintrdz = 0.

t—o0

Proof. Suppose oo < a < b < co. Then

b . costb — costa
smtxdx:f — 0 as t — oo.
a

It follows that

(1) /s(x) sintrde — 0 as t — oo.

for any elementary function s such that {x € R : s(x) # 0} is bounded..
Let n > 0. Choose an elementary function s such that {x € R : s(z) # 0} is

bounded and
[1r=sl<n

(Remember this is practically the definition of what it means for f to be Lebesgue
integrable.) Then

‘/f )sintzdx| = ‘/ smta:dx—k/ (z)sintx dz
< /\f(w) — s(x)| de + ’/s(a:) sin tz dx
<n+ ‘/s(w)sintmdm :
for any ¢t € R. Now use (1) to complete the proof. |

Corollary 1.1. Suppose f € P. Then
lim f( ) =

In|—o0

Theorem 1.3. Suppose f € Py, 2 € R, LT, L= € C and

(1) lim / L’dt—&—/ ‘f ‘dt
610 \ Jz—s2)! t—w (zats)! t—X

Then
L=+ LT
—

hm Snf(x) =

Remark 1.2. (Very important) For example, if f is differentiable at x the
hypothesis holds with L* = f(z).

Proof. Part One. Suppose x = 0. Set K~ = [—7,0) and Kt = (0, 7). For each
positive integer NV let

gE(t) = Dn(—t)(f(t) — L) fort e K*.
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Recall that Dy is even and [*_ Dy = 1; this implies

1
DN = - = DN'
K- 2 K+
. Thus

L™+ L*
Snf(0) - =5

T 0 7r

= | Dn(=t)f(t)dt— L~ [ Dn(-1) dt—L+/ Dn(—t)dt
- o 0

- | ovwar+ [ g

For any § € (0,7) we set
Jif = K*n(-4,0), I} = K*~Ji.

Let n > 0. Since
fi)—L*|| —t
@

S11 =5

lgn (t)] <

for any t € (—m,7) and any N we may choose § € (0,7) such that

+
/,i lgn| < n.

5
Moreover,

f(t)—L*
sin %t

1 ;t St
is Lebesgue integrable so, by the Riemann-Lebesgue Lemma,

lim £ =0
Nioo [ x IN ’

the Theorem follows in case x = 0.
Part Two. From Part One we infer that

. L™+ L*
dim Sy (rf)(0) = =

But

Z e = Sy f(x).

5
ﬁ\

O

Proposition 1.6. Suppose m is a positive integer, f € P and f is m times con-
tinuously differentiable. Then

£ (n) = (in)™ f(n).



Proof. We use integration by parts to obtain
V2rfi(n) = ! F(x) e da
- / 4 (@)
e fap=t - [ @ de )
=1in ! f(z)e ™ dx

= V2rin f(n).
Thus the Proposition holds if m = 1 and follows for arbitrary m by induction. [

Corollary 1.2. Suppose m is a positive integer, f € P and f is m times continu-
ously differentiable, IV is a nonnegative integer and = € R. Then

x) — (m)
[f(z) = Sn f(x )I_\meJIf It

Proof. Note that

S bl < (zmne) " (z w)m

nez neZ neZ
whenever a and b are complex valued functions on Z; that
= 1 * dz I
Z nam S z2m  N2m-1’
n=N+1 N

and that, by Bessel’s Inequality,

> @I < ()R

|n|>N

Let O € N and x € R. From the Fourier Inversion Formula we have that

fl@) = Snfle) = lim > f(n

N<n<O
Thus if O € N and NV < O we have
R 1 —
Yo fEu)| =] Y Wf(m)(n)En(z)
N<|n|<O N<|n|<O
1/2 1/2
1 1 —
<=\ X = > IFmm)?
2m
2 N<|n|<O " |n|>N
1 2 m
[FAII

< ==
= Vor V N2t
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1.2. Approximate identities. Let ¢ be a smooth nonnegative real valued func-
tion on R which has integral one and which is supported in [—1,1]. For each ¢ > 0
let ¢c(z) = Lo(£) for z € R.
Theorem 1.4. Suppose [ € Py. Then

tim [1f = Sn /]| = 0.

Proof. Let nn > 0. Choose € > 0 such that if g = ¢, x f then ||f — g|| < 1. Then for
any nonnegative integer N we have

= SnfIl < MIf =gl + ISn (f = DI +[I1Svg = gll < 2n+[Sng —4l|

because ||[Sn(f — 9)|| < ||f — g|| by Bessel’s Inequality. But ||Sxg — g|| — 0 as
N T oo because, by the previous Theorem, Sy g converges uniformly to g as N T oo
since g is smooth. O

Corollary 1.3. (Parseval’s?) Theorem.) If f € P then

1/2
A1l = <Z|f(n)l2> :

ne”Z

Proof. This follows from the preceding Corollary and the Pythagorean identity
17117 = (1SN FI* + 11w f = FII.

d
Corollary 1.4.
2 6
—n 6

Proof. Apply Parseval’s Theorem to that member f of P such that f(z) = x for
x € [-m,m). O

Corollary 1.5. Suppose f € P and f = 0. Then f equals zero almost everywhere.

Proof. We have m =0 for any € > 0 so, as ¢ * f is smooth, ¢. * f = 0 by the
previous Theorem. Since ||f — ¢ * f||1 — 0 as € | 0 we infer that f = 0. O

Corollary 1.6. Suppose f € P. Then
AP =D 1F )
nez

Proof. In view of Bessel’s Inequality and the foregoing we need to show that if the
right hand side is finite so is the left hand side, so suppose the right hand side is

finite. Now @ = ¢.f and |be| < 150 ||pe * f]| is bounded independently of € by
Plancherel’s Theorem. Do you know what to do now? O

Definition 1.6. (The Fejér kernel.) For each nonnegative integer N let

1 N
Fy = —— S " Dy.
N N+1nz:% N



Proposition 1.7.

sin( Nz+1 )z 2 if 0
FN(x) — ( sin § ) iz 7& )
N+1 else.

Proof.
N

N
Z Z einm — : _1eiw nz:%e—inr _ ei(n—‘rl)m

n=0m|<n

e~ t(N+1)z

11—
_l—ei-”f[ 1—e @
1 (1 _ eim)(l _ 6—1‘(N+1)m) _ (1 _ e—iz)eim(l _ ei(N+1)m)
- l—em[ (1—ew)(1 — i) }
(1 _ e—i(N-i-l)x) 4 (1 _ ei(N-i—l)aL‘)
(1—c ) (1— )

2
(ew;l)m _ e—i(%)r)

R
(SiIl(%)iE)z

in
SlIl2

— ] — ¢ WNHDZhpep1 — e”’}

O

Theorem 1.5. Suppose f € P and f is continuous. Then Fy % f converges
uniformly to f as N — oo.

Proof. Exercise for the reader. (I

Theorem 1.6. The Weierstrass Approximation Theorem. Polynomial func-
tions are uniformly dense in the continuous functions on a compact rectangle.

Proof. Exercise for the reader. O



