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In this paper we give an explicit formula for the mass of a quadratic
form in n 3 variables with respect to a maximal lattice over an arbitrary number
eld k, and usethis to nd the massof many -maximal lattices. We make the minor
technical assumption that locally the determinant of the form is a unit up to a square
if n is odd. The corresponding formula for k totally real was recently computed by
Shimura [Shi].

X0 Summary

Our goal is to give an exact formula for the massof the gerus of a quadratic
form ' on a maximal lattice de ned over an arbitrary number eld k. In x2 we
explain how knowledge of the Tamagava number of the special orthogonal group
G givesrise to a massformula. Such a formula expresseghe massas a product
of local factors over all placesv of k, soour problem is reducedto computing ead
of these. For the non-archimedian places,thesefactors were recertly computed by
Shimura [Shi]. We state his result in x3 and for completenessnclude a translation
betweenour languageand his. In x4 we compute the archimedian factors, treating
separately the 3 cases:v real, ' de nite; v real, ' inde nite; and v complex. To
de ne the factors in the last two cases,we choosea symmetric spaceZ, on which
G, actsand anon-zeroG, -invariant volumeform ! z. Finally, in x5 we compute the
massof ' with respectto a maximal lattice. We note that this formula agreeswith
Shimura's when k is totally real. In x6 we conclude by using the local similitude
groupsto shaw that this agreeswith the massof many generaof a-maximal lattices.
Our results depend on seeral technical lemmaswhich we include as an appendix.

x1 Intr oduction

We begin with a quadratic space(V;' ) over an algebraic number eld k. By
this we mean a k-vector spaceV together with a non-degeneratequadratic form
" :V | k. Let Ok denote the ring of integersof k and let O, denote the local
ring of integersat ead placev of k. We consider(V;' ) aswell asits localizations
(W;' v) given by linear extension of scalarsto k,. Given a lattice (V;"), we
have the assaiated local lattice = 0Op  (Vp;' p) at each non-archimedian
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place p of k. We occasionally write ( ;') for the restriction of the form ' to ,
and ( p;' p) for the restriction of' , to .

With (V;' ) asabove,welet G = G(' ) bethe special orthogonal group of (V;"' )
by which we meanthe group of determinant 1 invertible linear transformations of
V preserving' . We alsode ne G, to be the special orthogonal group of (Vy;' v).
Then we have a natural G -action on (V;' ), and a natural G, -action on (Vy;' ).
We say that two lattices ; © (V;') are globally equiv alent if there exists
g2 G suhthat °= g, andlocally equivalent if for eadh non-archimedian
placev, there exists g, 2 G, suchthat 9= g, ,. Wede ne the genus of ( ;")
to be the set of all lattices locally equivalent to ( ;' ), and say that the classes of
( ;") arethe global equivalenceclassesof ( ;') in its gerus.

Let G, bethe adelization of G', and let G, and G,, be the product of G, over
the archimedian and non-archimedian placesrespectively. Then there is a natural
G, -action on the spaceof lattices (V;'). To seethis, takeg= (gv) 2 G, and
dene g to bethe lattice % (V;')sudthat P= g, , for all non-archimedian
placesv. The stabilizer of a lattice ( ;') de nes a subgroup D 2 G'A such that
D G,andD\ G'h is open and compact, and by xing a lattice ( ;') we may
parametrize the classesCl of by the elemeris of G nG, =D usinga 7! 2:= a.
We denoteby 2 the group of automorphisms of ( 2;'), de ned asthoseg?2 G’
leaving 2 invariant. From an adelic perspective,we seethat 2= G' \ aDa 1.

We say that a lattice (V;" ) ismaximal if ' () Ok and is not properly
contained in somelattice °with ' ( 9  Ok. There is a similar notion of an a-
maximal lattice for any ideal a, given by replacing Ok by a. It turns out that for
any ideal a, all of the a-maximal lattices in (V;' ) are locally equivalert (see[Shi2,
Lemma 5.9]), soit makessenseto speak about the gerus of a-maximal lattices.

If ( ;") is atotally de nite lattice over a totally real number eld k, then we
de ne the massof its gerusto be

X
Mass( ;') = [2:1]
a2Cl

If ( ;') is not totally de nite (e.g. when k is not totally real) then 2 will be
an in nite group, but we would still like to somehav keeptrack of its size. To do
this, we allow 2 to act on some symmetric spaceZ and choosea measureon Z
invariant under this action. We then de ne the massin terms of the measuresof
the quotients 2@nZ. Soin general,we de ne the mass of ( ;') to be

X
(1.1) Masy ;') = ();
a2Cl

where

(2= [2:1]1 if G, is compact,
© [ 3\ f 1g:1] vol( 2nZ) otherwise

Our main interest in this paper will beto nd an exact formula for the massof
the gerus of maximal lattices over an arbitrary number eld k whenn 3. Our
approad is to usethe Tamagava number of G to extend Shimura's computation
of the massof a maximal lattice over atotally real number eld to a generalnumber
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eld k. Then by interpreting the massin terms of the volume of the non-archimedian
stabilizer of ( ;' ), we usethe local group of similitudes of ' to shaw that the mass
is unchangedas we vary over certain generaof a-maximal lattices.

This exact mass formula essetially expressesthe mass as a product of even
integer values of the Dedekind zeta function of k, a power of the index of in its
dual lattice, and somegamma function factors. If dimy(V) is even, a special value
of the L-function of a certain quadratic extensionof k also appears.

Summary of Not ation

Throughout this paper wetakek to beanumber eld, Oy its ring of integers,and
Dy the discriminant of k=Q. We denote by v a valuation (or place) of k. We also
let a and h denote the archimedian and non-archimedian placesof k respectively.
Supposep is a prime ideal in Ok lying over the prime p in Z, and x 2 k. We let
jXjp denote the usual p-adic absolute value of x de ned by jxj, = q °4» ), where
we take q= ¢, = [Op : p].

We follow the corvention that if we have an object R de ned at a certain valua-
tion v, we denoteit by R,. If R, is de ned at eadt of the archimedian valuations,
we also write %

R, = Ry:
v2a
For an algebraic group G de ned over k, we denote the adelization of G by G, .

If R is an arbitrary set, we denote by R the m n matrices with coe cien ts
in R. We write the transposeof a matrix A as'A. If x is a matrix, then we let Xij
denotethe entry of x in the i™ row and j™ column. Converselygiven numbersx; ,
we let (x; ) denote the matrix whoseertries satisfy (x; )j = X; . We abbreviate
the diagonal matrix

0 ail 0 0 1
% 0 a2 0 §
: ;.0
0 O O am
by diaglaz1;  ;ann ], and denotethe n n identit y matrix by 1,. Givenan arbitrary
n n matrix A and an integer | with 1 | n, we de ne det;(A) to be the
determinant of the upper left | | submatrix of A. If A is a matrix of functions,

we de ne the matrix of 1-formsdA = (dA; ). Giventwon n matrices A and B
over R, we say that A > B if the matrix A B is positive de nite, and we set

SP=fA2R"j'A=A> 0g:

We let (V;' ) denote a non-degeneratequadratic spaceof dimension n over Kk,
and take Vy; ;G ;G,;G, asdened in the introduction. If we choosea basis
fvi;  ;vngfor V, we may expressthe bilinear form ' (v;w) assa@iatedto ' asthe
matrix = [ (vi;vj)l1 ij n. Wealsolet G (') denotethe set of invertible linear
transformations of V which presene the form ' and have determinant 1.

For convenience,we de ne the symbols

X =kp; T = fSymmetricn n matriceswith coe cien ts in kg ;

and their local counterparts T,, and X, at a valuation v by replacing k by ky in
the above de nition.
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We seti = P " 12 C. Forx 2 R we let bxc be the greatestinteger x. Also,
when there is no danger of confusion, we freely use the letters i; j; k;| asindices.
Our equationsand statemerts are numbered rst by section, then by order within
ead section, with the appendix labeledby A (e.g. Lemma A2).

x2 The Tamagawa Number and Local Factors

The main fact that we usein what follows is that the Tamagava number  of
the special orthogonal group G = G over any number eld k is given by

(2.1) (G)=2 ifn 3

wheren = dimg (V). To de ne this, we rst choosea measure(dx)a on ka nor-
malized so that

z

(2.2) (dx)a = 1L
knka

We then de ne the Tamagawa number of G to be
z

(2.3) (G) = i cia;
GnGa

where! ¢ is a non-zeroleft G-invariant di erential form on G of highest degreeand
j! gja isthe volume elemen de ned with respectto (dx)a . By the product formula
we seejc! gja = j! gja for c 2 k , and since! ¢ is chosenfrom a 1 dimensional
space,this speci es a left G-invariant measureon G, which is independent of our
choice of ! . We call the measureassaiated to ! g the Tamagawa measure on
Ga . (For a more detailed introduction, see[Tam], [Vos], or [Weil].)

From now on when speaking of an invariant object, we always understand this to
meanit is left invariant. For clarity we alsode ne avolume form to be anowhere
zero diferential form of highest degree.

For our computations, it \eﬂ'll be useful to de ne another measure(d%)a by the

restricted product (d%)a = ~ 9(d%), with local measures
8 . R :
> Haar measureon k, normalized by op(dox)v =1 if kv = Kp;
(d%)y = . Lebesguemeasureon R if ky = R;
idz” dz= 2 Lebesguemeasureon R? if ky = C:

R
This gives | (d%)a = jDkj*™?, soin terms of (%), we have

3 ) dim | (G) . 3
(G)=Dxj— 2 ES)

(2.4) o z enen
= jDyj i il

GnGa

wherej! gjQ is the volume elemert derived from ! ¢ using (d%)a instead of (dx)a .
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We now give a general procedure for constructing a suitable invariant volume
form fg on G. By choosing a global basisfvy;  ;vng for (V;' ) we canrepresen
the bilinear form assaiated to ' asa matrix . This givesa natural map

X=@®n" 1T
25) (K)n

x7! 'x x;

whose bre over the matrix 2 T is the full orthogonal group of ' . Given the
volume forms

AN N
(2.6) Iy = dXij ; I+ = dtij

1) [/

on X and T respectively, we can nd adierential form ! on X sud that
(2.7) Ix = F ()N !:

By pulling ! back to the bre and then restricting to the identity componert, we
get a form fg on G. From Lemma A6, we seethat g is a non-zero G-invariant
volume form, and is independert of our choice of ! . We will usethis construction
many times in our calculation, and consistertly identify G= G = G aswell as
the image of  under this identi cation.

For eadh placev of k, we de ne the local represenation density

R
1 dX
= : = Z i 0 .
(2.8) v(i)= v( ) 2UI!|mv£i‘—U ik
_Q _Q .
wheredX = ", (dxj )y and dT = ~; ;(dtj )y arethe measuresassaiated to ! x
and! 1 in thesecoordinates,
o. F L) if v2 a;

F LU\ fx2Xyjx v= g ifv2h;

and U is an open neighborhood of  in T,. From the construction of s above,
we can easily seethat [, fc = ( ; )whereD Ga isthe stabilizer of (see
[Tam, x6, pp119{120]). In our calculations the lattice  will be xed, so we will
often supress and write ( ).

Remark. Notice that both the volumeform ¥ ¢ and the local densities ( ) depend
not only on (V;' ) and v, but also on our given choice of basisfor (V;' ).

Any choicqgof volume form ! g can be usedto de ne an archimedian measure
aonGy by © 5. i!'cj9. By choosing! ¢ = g asabove and expressing(2.4) in
terms of local measures,one can prove:

Theorem 2.1. Let bealatticein (V;'), and suppse a matrix representing
' in someglotal basis for V. Then
a _oamop Y 1
a( "nGa) = (G)jDykj -+ v ) 5
a2Cl v2h
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with 4 and ( ; ) asalove,and 2 asdenedin x1.

Proof. This is proved in [Cas, pp380-382]when k = Q, but the argumert there
works for any number eld k. In his notation, ( ; ) = v = (O"( v))
and (éue to a typographical error) the right side of (4.19) on p382 should read
2,1 pe1 b 1. Seealso[Tam, x6, pp119{120]and [Vos, x15, pp87{88].

To simplify our calculations, we usethe invertible matrix 2 (ky)h to change
basislocally at every placev, sothat | hasthe standard form

8 2 3
% 0 0 21,

8 0 , 0 5 ifke=ky
211
(2.9 v:t vV v v~=— r 0 0
1, O .
if kv = R;
0 1,
1n if ky = C;

with g;r 2 N satisfying either g+ r = nandqg r, or dim( p) + 2r = n and

p IS some anisotropic symmetric matrix with dim( ,) 4. Sincewe take to
be a maximal lattice, by [Shi2, Lemma 5.6], we can locally choosea free O,-basis
for , sothat ( p;' p) is represeried by the matrix |, above, and we choosethe
matrices , so this is true. The following lemma describes how the local factors
changeunder such a change of basis.

Lemma 2.2. Letv be a place of k and supmsethat and °in (k,)! are related
by °='A A for someinvertible n n matrix A. Then

v( 3 9= jdet(A)f™ v(A )

Proof. Forn n matricesA 2 X andt2 T welet[A]: T ! T denotethe map
[A](t) = 'AtA, which corresponds to change of basisby A for the quadratic form
assaiated to t.

Fix an opensetU about °%in T, and let V = [A !](U) be the corresponding
neighborhood of . Then one can easily chedk

volx (F ¢(U)) volr (U)  _ Volx (A 'F *(V)A) _ volx (F *(V))
volr (U) volr ([A 1J(U)) volr (V) T volp (V)
where F is asin (2.5) and the last equality follows from both parts of Lemma A2.
By passingto the limit asU! © we have
. volr [A (U
S5 9= gm YOWAIOD 0,

ut o volr(U)

This ratio of volumesis given by computing the pull-back of the volume form ! +
under the map [A]. We claim that

[A] (! 1) = det(A)"™ ! 1
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which is to say A A

(2.10) d(‘AtA); = det(A)"*™  dt; :
1] 1]
Since [AB] = [B][A], we already know (2.10) is true if we replace det(A)"*! by
some multiplicativ e character on GL(ky). By construction ¢(A) is a polynomial
in the entries of A, and sincethe only continuous characterson GL ,, are powers of
the determinant, we easily verify (2.10) by chedking the scalar matricesA = 1,.
With this we have
volr ([A] (V)
ut o volr(U)

which provesour lemma.

= jdet(A)jy™ ;

x3 The Non-Ar chimedian Local Factors

The non-archmedian local factors appearing in the massformula for a maximal
lattice  have beencalculated by Shimura in [Shi], under the condition that locally
the determinant of ' is a unit up to a squareif n is odd. We now show how his
local factors relate to the local factors ,( p; p) appearing in our massformula.

Fix a basisfvy; ;Vng for Vp, let  bethe invertible n  n matrix de ned over
kp which represerts (Vp;' p) in this basis,and let | be a lattice in (Vp;' p). We
dene ,( ) asin x2to be the limit of the ratio of \éolumes

1. 0 dX
- Cy= T .
(3.1) ()= ol i )= 5 0m R
where U? is a neighborhood in X, determined by , and an open neighborhood
U of in T,. We may alsowrite U%asUY ) to emphasizeits dependenceon the
matrix . Since we are working over a p-adic eld, we have a natural choice of
neighborhoods U; to usefor this limit, namely Ui = + P; whereP; = (p')p \ Tp.

Lemma 3.1. Let , and be asakove,andlet c2 k,. Then we have
ELIGER) . (n+D)
p( pr ) =idp ? p( psc ) =jdet(c 1n)jp > p( piC):

Proof. SinceU! it suces to computethe limit (3.1) for U = U;. Considerthe
pre-images

UX )=fx2Xpj'xx 2 + P andx p= ,0;

and notice UX( ) = US4 (¢(C ). Using this we have
R
1 dX
p( ): §|I|m _Lé’L
i U daT
R i
dXx
- Ly ago®)
2in v, dT
'R
. .n(n2+1) 1 I Uéord p(c)(C )dx
=idp © glm R
i+ord p(c)

i .n(n+1)
=jdp * plc);
which completesthe proof.
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Lemma 3.2. het , and be as alove, and supmse that for our choice of basis
wehave = L, Opvi. Then p( p; )= 2ey( ), wher gy( ) is asin [Shi, x8].
Proof. In [Shi, x8] e,( ) is given by

n(n 1)

e( )= i!ilm gz N2

where NP = #fx 2 (Op:piop)ﬂ j txx mod Pijg. However, U; is a sum
of cosetsmod P; and one can chek that U? is a sum of cosetsmod (p)R, so by
counting them we have

R dx 1 nZNO
-1, =8 _ 1. q i1 )
o )= 20 =g Tl e T %)

which provesthe lemma.

We are interested in computing ,( p) with respect to a maximal lattice , in
(Vp;' p)» With  , asin x2. By Lemmas3.1 and 3.2 we know

L ep(2 )'

(3.2) p( p) = jdet(2 1n)Jp 5

and by combining this with [Shi; Theorem 8.6(3), Prop. 3.9, (3.1.9)], we obtain

(3.3) o( o) = idet2 1n)jp? q°"[Fp: ol

whereq = #( Op=p0yp), isdened by 20,=p ,

8 Q{"ll(l q %) ift=0;
e qu.) ift=1;
L+qg™ "M ' q?) if t= 2;pisunramied in K;
Q andfp= ;
= 20+g@+qg ™ M '@ q?) ift=2pisunramied in K;
andf,6 ;
Q,mll(l q ?) ift=2andpisramied in K;
20+ "' g ?) if t = 3;

2+ o+ M 1Q (1 q?) ift=4

with t = dim( p), m = bn=2c, K = k( ( 1)"=2det(' )), and fp =fx2Vyj
2 o(X; p) 2 Opg. For future referencewe explicitly state [Shi, (3.1.9)], which says

(3.4) [fo: pl=idet2 pj,k:
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x4 Ar chimedian Local Factors

In this sectionwe explicitly computethe volumeform! ¢ onG, = G, described
in X2 when v is archimedian, and relate ! g to a natural volume form ! ; on the
symmetric spaceZ,. The relationship between! ¢ and ! ;7 is establishedby con-
structing a non-zeroC,-invariant volume fopn ! c on the bre C, of G, over some
chosenpoint p, 2 Z,, and then evaluating c, e This allows us to connectthe
assciated measureson G, and Z,. We note that whenv is real and ' is de nite,
the situation is much simpler sinceZ, = f1,gand C, = G,.

For our calculations we would like to write down ! ¢ in someset of coordinates
on G, and we choosethe coordinates given by the strictly lower triangular matrix
ertries of the natural embedding G ! (ky)j. These give coordinates on an open
subset of G whose compliment has measurezero, and the assaiated coordinate
1-forms give a basis for the cotangert space. The matrix g ‘dg is a G-invariant
matrix of 1-forms under left multiplication, and sothe form

A

(4.1) n= (9 'doi

i>k
gives a G-invariant volume form on G. Sincethe spaceof suc forms is 1 dimen-

sional, any G-invariant volume form will be a constart multiple of .

Calculation 4.1. SupmsevV is archimedian. Then in the coordinates given by
Gy ! (ky)p, the volumeform ! ¢ descriled in x2 can we written as

A

B _o1Y 1 :
lg= — o= =— det(x) dXi :
1=1 i>k

Proof. To compufe! ¢ it suces to compute any non-zeromonomial ,,in F (! 1),

sinceif = f(X) ()2 dxik for someindexing setl and! = f(x) * ;s Xk
is its complimentary monomial, q?en F(p)~rt = ~1 =1y, We chooseto
calculate the monomial = f(x) ; | dxj . Sincewe are only interestedin nding

I ¢ up to sign, it will be enoughto compute! ¢ for = 1,.
From (2.5) we havet = F(x) = 'xx and soF (dt) = '(dx)x + 'x(dx). Therefore

0 1
X
F (!T): @ deink+indekA
ik
= + other terms:

4.2)

We compute by induction on the column bound kg, showing that
0 1

A X Ao X
(4.3) @ dxjiXjk + indekA = ko Xjidxjk +
i k ko ] ik ko j

where is a sum of terms ead of which has somedx;, factor with i > k.
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The casekg = 1 is clear sincethe left sideis just 2x11dX31. If kg > 1 we have
(4.4) 0 1
A X
@ deink+indekA
i k ko ]
0 1 0 1
N X N
deink+indekAA @ deinko+indekoA
io k ko 1 ] 1 i k=k6 j

"
®

1

N X N X
— ko 1
= @gko indek+ An @ deinkO+indekoA
i k ko 1 j i k=ko i

We now analyze the term = Vi Ko P i dxjiXjk, + Xjidxjk, appearing at the
end of (4.4). The only terms of contributing non-zerotermsto comefrom the
column Ko. T\P)is is beca'gseall of the dx;x terms with k ko 1 already appearin
eahtermof ; , , ; ;Xjidxj contributing to , and sothe wedgeproduct of
the two is zero. Also, sincethe entries of dx are linearly independen, suc factors
dxjx, must satisfyjO ko to cortrilbuteO to . So in (4.4)can b(i replaced by

A X

@ xjidxieA N @ dXjig X + XjkoBXjko A
i<k o ] j

(4.5) 0 1

A X
=2 @ Xji de koA )
i ko j
which proves(4.3).
By combining (4.3) with ko = n and Lemma A3, we seethat

N Y] N
(4.6) =2"  (dx)x = 2" det(x) dxyx + other terms,
ik I=1 ik
which shows that
1 N
4.7) lg= — det(x) !  dxi
2n I

=1 i>k
satis es (2.7).

x4.1 Comput ation for ky, = R with ' definite

If visreal and' , is denite, then G, = SO, (R). Since SO, (R) is compact,
v(Gy) is nite. Wenow nd the measure r of SO, (R) with respectto ! 5. From
Calculation 4.1 and Lemma A3 we seethat (/L\Jp to sign) on G,

e (‘gdg)i (g ‘do)i;
i>k i>k
and this toge\;her with the volume computation in [Vos, (14.6), p85] relative to

volume form ., (g 'dg)ik gives
|

(1=2)

1=1

1
n(n+1)

(4.1.1) R(G) = 5
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x4.2 Comput ation for k, = R with indefinite

If visreal and ', is inde nite, then we take , = diag[ly; 1/] asin (2.9),
Gr = SO(q;r), and de ne the (symmetric) spaceZr by

Zg = ); 2RY X2 R[;y2R: X+ x> tyy ¢

To de ne a Gr-action on Zg, let

3 2 3
Xy M, 0 %
B(z)=4 0 L yb>5; =40 1L 0 5;
1, 0 1, pl—Z 0 Pl—z,

Y =fY2GLy(R)j'Y 1Y = diaglA; B]with A2 S%;B2S!g;
and induce a Gg-action on Zg from the bijection

Zz GL4(R) GL,(R) Y

(4.2.1) 0
(z; )7 B(@) ;

by allowing 2 Gg to act on Y by left multiplication. (See[Shi2, x6] for details.)
Explicitly , (4.2.1) givesthe action z 7! z on Zgr by

_ (2 0 .
4.2.2) B (z)=B(z) 0 2)
for somematrices (z) and (2).
By choosing a distinguished point pg = é{ 2 Zgr, we de ne a map
r
FR : GR ! ZR
(4.2.3)
7" pr:
If wewrite 2 Ggr as
2 3
a b c
(4.2.4) =4g e O
h | w

with a;d 2 Rl and e 2 R, then the map Fr sends

(y_ow+o *

(425) 7! pr= ( E)tf (W+ C) 1

In these coordinates the stabilizer of pr is given by

(4.2.6) CrR=f 2Grjf=0;c=0g
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andthe relation 'x ,x =  impliesthat | and h arealsozero. Thus Cr decomposes
as

Cr=[Gr(1g) Gr()I[ Ggr(ly) Gg(lr)

(4.2.7)

72 by
g e

We will be working with the Gg-invariant volume form ! ; on Zr constructed in
[Shi, x4.2], given by the expression

N
(4.2.8) lz= (2) ™2 dz;
ik
where (z) = det(3('x + x ty|_;\;)).
Computation of 'c and !¢
We now compute the expressionfor | ¢ on Cg = Stab(pr) described in x4. For
this it is enough, by the last part of Lemma A6, for us to consider forms whose

restrictions to the bre Cg are equal up to sign. We write this equivalenceas
From (4.2.5) we have

Fr(d) = (L + (w o)(w+c) Hdow+c) *
+(@L (W (w+ o) Hdww+ ) *
2, dew 1;
Fe@)= C2dw+o ' C2iwe g tdws 9w+ g
(IO 2y dw L
Applying Lemma A2 and det(w) 1 to thesegives
’ Fr(d)i 27 ’ de ;
i/'\k i/'\k
Frldy)k 27 di;
ik ik

which together with the obsenation (pr) = 1 yields

N N
F,('r) 27 dok di:
i:k ik
We recall from Calculation 4.1,
Y] N
lg 2" det;( ) 1 di:
1=1 i>k

By the construction of ! ¢ in x2 and Fx(! r) as above, and sincethe matrix g dg
of x4 is skew symmetric. we seethat the volume form ! ¢ on the bre is

o Y] N N N N
c 2z2" det() ' dax dex dgx  dwi
I=1 ik ik ik ik

rn

272 1 so,R) " !'so, (R):
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By comparisonwith ! ¢ in x4.1 and the isomorphism (4.2.7), we nd that

Z
volc (Cr) = i'ci
C n n
" z #" 7 #
=2 27z 'so4(R) 'so, (R)
SOq(R) SO (R)
Y b ¥ b
=5 gl e ( k=2) 1w (k=2)
2 2
k=1 k=1

which completesour calculation.

x4.3 Comput ation for ky, = C
If v is complex, then G¢ = SO, (C) and we de ne the (symmetric) spaceZc by
Zc=fz2R0j'z= z'zz< 1g
To de ne a G¢-action on Zc, we rst let

1n z . 1n O

B@= ", 1 o 1,

X= X 2GLa(R) '™XIX = (A; OB with A;B 2 S"

One can ched that this givesan injection

Zc GLy(R) GLy(R) I X
(4.3.1) 0
(z;; )7 B(2)
0
Writing = a+ bi2 G¢ with a;b2 R}, wedene ()= ‘E ab and allow to

act on x 2 X by left multiplication by ( )
X = ()x

By a direct calculation we seethat this givesa well-de ned action on the image of
(4.3.1) and can be usedto de ne a G¢-action on Z¢ by

_ _ (2 0 .
(4.3.2) B(z= ()B(z)=B(z) 0 2)
the key obsenation beingthat * ( )I ( ) =1 for 2 G¢. The samecalculation
shows that

(2= (2= (a+ bz);

which we henceforthdenoteby  (2).
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By choosing a distinguished point pc = Of 2 Zc, we de ne a map

FC : Gc ! ZC
(4.3.3)
7" pc:

Writing this map out in real coordinates we see

(4.3.4) =a+bi7! bal

wherea;b2 Rj. In thesecoordinates the stabilizer of pc is given by
(4.3.5) Cc= Stab(pc)=f =a+ bi2 Gcjb= 01g= SOn(R):

We now construct a Ge-invariant volume form on Z¢c. To do this we needto
know how the dierentials transform under the map Fc. We begin with a few
de nitions. For any two points w;z 2 Z¢ we let

(4.3.6) w;2) =1, ‘wz; (2) = (z;2);
(4.3.7) (w;2) = det( (w;2)); (2)= (z,2);

which satis es the relation

(w;2)  z+'w

(4.3.8) BWIB@) = (w:2)

By combining (4.3.8),' ( )I ( ) =1, and (4.3.2), we have

Cw(z ow) @=z w

Cw)(wiz) (2= (wa):
Fixing w 2 Z¢, we di erentiate thesewith respect to z and evaluate at z = w to
obtain

dz)="' (2 'dz (2 %

(z)=det( (2) ? (2):

By applying Lemma A4 to thesetwo equations, we seethat the expression
AN

(4.3.9) 1, = (27 dz
i>k
givesa non-zero G¢-invariant \ﬁ)lume form on Zc.

Computation of !c and !¢

We now compute the form ! ¢ on Cc = Stab(pc) described in x4. By the last
part of Lemma A6, it is enoughto consider forms whoserestrictions to the bre
Cc are equal up to sign. We write this equivalenceas

First we compute F(! z). From (4.3.4) we have

Fo(dz)= dba ! bda b
dba !;
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and so A A
FC(dZ)ik dba 1!
i>k i>k

ik *

From the relations de ning G¢, weknow that 'a a ! and the restriction of tadb
to Cc is skew symmetric, thereforesois a(tfadba ' = dba *. Applying LemmaA5
to this gives

N ry 1 N
dhg = deti(a) (dba %)y
i>k 1=1 i>k
and so
Y 1 N
Fc(lz) = detj(a) ' dhk
1=1 i>k

since (pc) = 1.

From our choice of local measuresin x2, the real volume form ke assaiated to
the complexvolume form ! is givenby ! ~ 1~. Combining this with Calculation 4.1
we have

W A
2 2n det;(2) 1det|(z) ! (idzi " dzik)

1=1 i>k
N

Y
72 deti(z) ldet(z) ' (dax " dhy)
1=1 i>k

fo

|
N

1 N
det(a) 2  (dax ~ dhy):
1=1 i>k

n(n 5)
2

By applying the procedurein x2 to g and F.(! z) above, we seethat the (real)
volume form ! ¢ on the bre is given by

AN

Y 1
lc=2"7 det(a) ! day:

=1 i>k
From x4.1, we know
4
o= T (12 h
S04 (R) 2 j=1
sowe have
7 7 0 . 1
_ _ n(n 3) _ n(n 3 1 n(n+1) . lA .
volec (Ce) = le=2 2z lg=2 z @- ~= (i=2) ;
Ce 500 (R) 2 j=1

which completesour calculation.
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x5 Mass Formula for Maximal Lattices

In this section we compute an exact mass formula for the gerus of maximal
lattices (V;"). We call a lattice (V;' ) amaximal lattice if ' () Ok
and is maximal with this property.

To de ne the massof a gerus of lattices over an arbitrary number eld k, we
needto de ne symmetric spacesZ, forallv 2 a. If visrealand' , is de nite, then
we take Z, to be a single point with measureone. If v is real and ' , is inde nite
or v is complex, then we take Z, asin x4.2 or x4.3 respectively. The spacesZ,
come equipped with a transitive G, -action, an invariant volume form ! 7, and a
distinguished point p,. For ead v 2 a, we de ne a surjective map

Fo:Gy, ! Z,
(5.1)
7" py

and denote by C, the bre of F, over p,. We let

Y Y
(5.2) zZ= 7, cC= Cy; pP= (Pv)v2a;

v2a v2a

and let F denote the product map
(5.3) F:Gy ! zZ

We obsene that the C = F (p) is the bre of F over p.
We de ne the mass of a quadratic form (V;' ) with respectto a lattice to be

X
(5.4) Masg ;') = (9
a2Cl
where
(5.5) (3= [2:1]1 if G, is compact

[ 2\ f 1g:1] 'vol( 2nZ) otherwise

Theorem 5.1. Let (V;') be a non-degeneate quadmtic space of dimensionn 3
de ned over a number eld k of degree d over Q. Then the massof (V;' ) with

respect to a maximal lattice (V;') is given by
by d ° Y
n 1?2 i ! ) n
Mas{ ;)= 2DP" e oyt A DU ospen et

. (2 )3 .
]61 1 vje

Y Y .

h’/ @2 (n 1)(2n 2) n(n4 1) ( 1:2) 1A
v2a v complex j=1
2 (")d if 2-n;

D (& 112 ) F L) if 2in;
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where ry and t, = dim( ) are de ned by the normalization of ' , in x2,
i(i 1) IY 1 .
i(s)= 77 (s (=2);
i=0

€E=fx2Vij2 (x;) 20O

' ryn (n ry)ry

b, =272 2 r (v=2) 1,(n=2) %
e is the product of all prime ideals for which €, 6 , (s) and Lk(s; ) are
zetaand L -functions over k, , is the non-trivial Hecke character assaiated to the
extensionK =k where K = k(' ( 1)"=2det(' )), and , is de ned by

8 1 if ty = 1;
% 2 Y1+ A+t m@A+qg ™) ifty=2pisunramiedin K;
~ andf,6
Yoz 21 ift, = 2; andpisramiedin K;
% 2Y1+9 1 q*m) if ty = 3;

21+ M1 ot ™MA aM ifty=4
whetr q is the norm of the prime ideal at v 2 h and m = b3.c.
Proof. By Lemma A7 applied to F, for eac classa 2 Cl we have
a( ®nGa) = volc(( *\ S)nCa)volz( #nZ);

whereS = fg2 G, jgz= zforeweryz?2 Zg. By LemmaAl, S= f( 1)y.v2a0 SO
this becomes

(5.6) a( @nGa)volc(Ca) =1 3\ f 1g:1] Yvolz( 2n2):
This together with Theorem 2.1 and (2.1) gives

n(n 1)

Y
Masy ;') = 2jDxj  # volc(Ca) ? v o) !
(5.7) Y% 2y

n(n 1)

= 2iDyj volc (Cy) ! v 3 ) L
v2a v2h

From here, we complete the proof in 3 parts:

Part 1: First we prove the casewhere' , is positive de nite at all v 2 a. In
this caseC, = G, for all v 2 a, soby (5.7) we have

n(n 1) Y Y
o — H H 1 . 1.
Mass( ’ )_ZJDkJ 4 v( ) v( , ) .
v2a v2h
1
By 29, v = 'y  andjdet( ,)jy = kgt ©. Combining this with
Lemma 3.2 we have
.. .n(n y Y . () | LE 1
2Dy 7 jdet( )jv * jdet( V)iv: v( v)
v2a
Y (n +1) n+1

jdet( )jv = jdet( VivZ v( v; v) '
v2h



18 JONATHAN HANKE

which by the product formula and det( y) = 1forall v2 a, gives

o Y 1Y ] nsl L
2Dk 4 v(v) jdet( VivZ v( vi v) :
v2a v2h

Substituting (3.3) and (4.1.1), using (3.4), and noticing ijz v= 2", we get

0 14
n(n 1) n (n +1) Y N1
4Dyj = @2 (i=2A [®:] =
j=1
0 b, lc 1
@™ @y A o b2
i=1 vie Le(5; ) if 2jnm:
By rearranging terms we obtain
20 14 3
W bgﬁ—lc
2D, " 2 0 D9 §@ T (j=2A ((21)5
j=1 i=1
[e_]nlY 1 if 2-n;
' v oLe(T; ) if 2m;
b”YZ—lc (2 1)[ q 3
n(n 1 i .
= 2iDj L 2 (DA 4 172 «(2)5
u @)
( n_ 1
[e.]"lY 2= if 2-n;
e 2 NT @) F L@ ) it 2
blslc 3
Y i d Y
N TCRE 2j 1) , .1
mapd e T S @
i=1 ( vje
2 (=) if 2-n;
(3 R ) * L) if 2n
S S R VI Y
LD 1 ! . "1
:ZJDka +—C4 D/} W k(2])5[e:] 2 v
i=1 ( vie
2 (%2%)d if 2-n;

D/ (3 DI2) ¥ LB ) if 2n:

Part 2: Now supposethat all v 2 a are real, but perhaps' , is inde nite at
somev. Take

(n

' ryn ry)ry
b, =27 : r(rv=2) 1,(n=2) *
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asabovewherer, is de ned by the normalization of '  in (2.9). For ead inde nite
v, we add an additional factor of by, from the formula in part 1, which is seenby
observing 0 1

n(n+1)
—

volc (C,) '= @2 (i=2A b,

j=1

and that b, = 1if v is de nite. Combined with the previous formula this proves
the casewhereall v 2 a are real.

Part 3: Finally, considerarbitrary v 2 a. We de ne r, = 0 for v complex, and
sofor such v we have b, = 1. Sinceead complex place replacestwo real placesin
the totally real formula, we again have a correction factor. The relevant calculation
to ched for v complexis

0 1,0 1

n(n+ ¥ n n n(n+ Y '
VOIC(CV) 1- @2 (4 1) (JZZ)A @2 ( 1)(2 2) (41) (J:2) 1A hl
i=1 j=1

This together with Part 2 provesthe theorem.

One interesting application of Theorem 5.1 is to the caseof a maximal inde -
nite quadratic form ( ;') in n 3 variables. In this caseour formula explicitly
computesthe volume of the quotient 2nZ.

Corollary 5.2. Let ( ;') be a maximal inde nite quadmtic form in n 3 vari-
ablesand let D the sulgroup of G5 stabilizing . Then

vol( 2nZ) = "[k, :k (D)]Mass( ;')

where is the spinor norm map G'A I Ky :(kA)2 (see [Shi, (2.1.1)]) and " is
either 1 or 2 depending on whetherdim(V) is odd or even. If k has class numkber
one, then

vol( 2nZ) = "Masyq ;'):

Proof. Sincen 3 and' is inde nite, the classesand the spinor generain the
gerus of coincide. From this and [Shi, Lemma 2.3(4)] we know that the number
of classesis [k, : k (D)]. We alsoknow that ( #) is independert of the class
a by [Shi, Thrm 5.10(1)]. Finally, 12 2 exactly when det( 1,) = 1 which
happens exactly when 2j dim(V). This provesthe rst assertion.

For the secondpart, from [Shi, Lemma 2.5] we know that k,=k (D) is a
quotient of the ideal classgroup of k. Thus if the classnumber of k is one, then
[ky 1k (D)= 1

x6 Mass formula for a-maximal la ttices

In this sectionwe usethe local similitude groups @'p to shaw that the massof the
gerus of a-maximal lattices is the samefor many idealsa. We do this by noticing
that Masq ;') dependsonly on the volume of non-archimedian stabilizer Dy, of
( ;"), and then showing that the action of G'p presenesthesevolumes.
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Let @'p = fg2 GLn(kp) j 'g' pg = (g p for some (g) 2 k, g be the local
group of similitudes of ' , and let (") =f (g) j 82 G, g be the set of similitude
multipliers of G,. We also recall the local decomposition

M
(Mos" p) = (Har; 2r) (Wp; p)
L i
where (Hz; 2) = 4 (F& 24 ) and (Wp; ) is anisotropic of dimension t,.
By [OM, 63:19,p170]we know that t, 4. One can easilycompute ,( 2r) = Fp ,

andso p(")= p(2r)\ p(p)= p(p)

Lemma 6.1. Supmwse and 0 are two lattices in the quadmtic space (V;' ) over
k with stabilizersD;D°® G, resfectively. Then

Masq ;') _ vol(DQ) .
Masg ¢')  vol(Dp)’

R
whete the local volumesare de ned by vol(Dy) = |, fg.
Proof. This follows by combining (5.7) with the remarks after (2.8).

Lemma 6.2. SupmseD, is an open compact sulgroup of G'p and 2 @'p, then
vol(Dp) = vol( Dy ).

Proof. This is equivalert to showing that the volume form ! ¢ on G, is invariant
under conjugation by . To seethis holds, following the procedure of x2 we can
realize G asa bre ofthemap F: &, ! k, givenby F(g) = (g), which gives
e = !~ F (). Since ®, is unimodular and & is clearly invariant under
conjugation, we seethat ! g is also invariant.

Theorem 6.3. Supmse( %') is a non-degeneate a-maximal lattice of dimension
n 3 dened overanumber eld k. Then

Masg %')= Masy ;')
where ( ;') is a maximal lattice, and a, satis es the following conditions:
If n is odd, then a, is a squae,

q_—
If nis evenandt, = 2, then a, is a norm from K, = kp ( 1D%dy,

This massis explicitly givenin Theorem 5.1.

Proof. By Lemmas6.1 and 6.2, it suces to show for all primes p that g =4 p

for someg 2 @'p, and by [Shi2, Lemma 5.9, p33] we know this is true for any two
a-maximal lattices. By comparing their valuesunder' we seethat

p isOp-maximal () g pis (g)Op-maximal;

so the proof reducesto characterizing the set ordy( ( p)). We do this by using
the local models for (Wp; ) in [Shi, x3.2].
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If t, is odd then wecannever nd asimilitude of odd valuation, sinceif ord,( (g))
is odd then taking determinants gives ord,(det(g)?) = ord,( (g)'*) which is odd.
Conversely if | is a uniformizer in k, then we can construct é in ( p) by using
g=diagd p; ; ol

If tp, = 0, then (V,;' p) is a direct sum of hyperbolic planesandp p(p) = Kp.

If tp = 2, then (Wp; p) = (Kp; Nk, =k, (X)) where K, = kp( det(" )) and
c2 k . ThereforeK, 6,andso ,(p) Ng,=r, (Kp).

If tp = 4, then (Wp; p) = (Bp;Ng, =k, (X)) where By is a division quaternion
algebraover k. SinceB @p and Ng, =k, (Bp ) = kp, wehave ( p) = Kp.
Remark. In terms of the invariants (np; dp; ) for the local quadratic space(Vp;' ),
the condition t, = 1 is equivalert to ¢, = w when n is odd, and
ty = 2 is equivalent to [Kp : kp] = 2 whenn is even and K, is as above.

Appendix

It will be conveniert to know a few lemmasabout matrices of di eren tials. If we
take x = (x; ) to be a matrix of functions, then we de ne the matrix dx to bethe
matrix (dx; ) of di erentials of x.

Lemma Al. Let Z, be a symmetric space of the type descrited in x4.2 or x4.3.
Thenfg2 Gy jgz= z for everyz2 Z,g=f 1,0.

Proof. This is the analagousstatemert of [Shi2, Prop. 6.4(5)] for orthogonal groups,
and hasthe sameproof with obvious modi cations.

Lemma A2. Letdx and dx’betwor t matrices of linearly independent di er-

entials, and supmsedx®= a(dx) for somer r constant matrix a. Then
AN AN

dx? = det(a)!  dxi:
ik ik

Similarly, if dx®= (dx)a® for somet t constant matrix a° then
N N

dx? = det(@®)"  dxi:
ik ik

Proof. This is well known, and follows from the action of a (resp. a% on a column
(resp. row) vector.

Lemma A3. Letdx and dx°betwon n matrices of linearly independent di er-
entials and supmse dx®= a(dx) for somen n constant matrix a. Then
AN Y’] N
dx} = det(a) dxi +
ik 1=1 ik

terms containing at least one
factor dxjx with i > k

Proof. It will be enoughto analyzethe columnsk kg, proving inductively that
foreahh1 kg n wehave

N Y 1 N
(A3.1) dx® = det; (a) dxik +

kko kkO
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where is a sum of terms ead cortaining at least one factor dxj with i > k.
If ko = n then
N N X
dxg,
i ko i ko J

aj dx; ko

& (i)dxo(i)ko
i ko 25
det(a) dXik ,
i ko

sincethe only non-zeroterms in the wedgeproduct comefrom permutations of the
row index i.

Proceedinginductiv ely, we considerthe row ko and assume(A3.1) holds for all
k > ko. Then

(A3.2) , N N
dx® = dxd, dx?,
0 o+l
0 1 0 1
AX w1 A
=@ aj dx; koA A % det (a) dxic + § :
i ko | I= ko+1 ik
k ko+1

T

\ P T ,
yhe terms dxj, of ;& dxjk, with j > ko cannot cortribute to the term

i kk k, OXik sincethe ertries of dx are linearly independert. Therefore the only
terms which cortribute to it are the dx;x, with j ko and thesecan be written as
the following sum over permutations on the row index i:

~oX X
a“ dX] ko a| (|)dXO(|)kO
i koj ko i ko 2Siq

dety, (a) dXik , :
i ko

Combining this with (A3.2), we prove (A3.1). Our lemmathen follows from (A3.1)
by taking ko = 1.

Lemma A4. Letdx and dx°be two skew-symmetricn n matricesof di er entials
whose upper triangular coordinates are linearly independent, and supmse dx° =
fa(dx)a for somen n constant matrix a. Then

VAN N
dxd = det(@)" '  dxi:
i>k i>k

Proof. This is provedin the sameway asLemma 3.2, the only di erence being that
the computation for scalar matrices here givesdet(a)" 1.
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Lemma A5. Letdx and dx°be two skew-symmetricn n matricesof di er entials
whose upper triangular coordinates are linearly independent, and supmse dx° =
(dx)a for somen n constant matrix a. Then

N Y 1 A
dx% = det(a)  dxi:
i>k 1=1 i>k

Proof. We prove by induction that

N I'Y 1 N
(A5.1) dxg = detj(a)  dxi

forall1 ig n. v p
In the caseio = n, the non-zeroterms of ,  ; dXnj & comefrom choosing
one term dxpj g for ead k with no repetition among the j indices. Thus the j
index is a permutation of the k index, and we have
X noX
dxn (@ (k = dety 1(a) dXn :
k<n 2S, 1 k<n j

Now supposeig < n. By induction we have

0 1 O 1
N X N X A~ X
dx; g = @ dxioj A~ @ dx; 31K
k<i ] k<io ] . k_<i+l j
I 1o O 1 0I lo 1
NX Y 1 A
=@ dXin ajkA A % det|(a) dXikg :
k<io j I=ig+1 ki
i Qg+l

\Y P
By skew-symmetry of dx, we seethat all of the tgyms in ;| ; dXi,j &« with
j 1o would give zerowhen wedgedtogether with ., ; ,; dXi . Thusthe only
terms that cortribute have the form
X AN
dxi, (0@ = deti; 1(a)  dXigk;
2Si, k<i o

which together with the above proves (A5.1). Our result follows from (A5.1) by
taking ig = 1.

We now state two basiclemmasabout volume forms on manifolds.
Lemma A6. LetF : X ! Y beamapof C! -manifolds of dimensionsn and m
respectively, with rank(F) = m. Supmsethat X is a group acting on Y and the
map F commuteswith this action. Choosep2 Y andlet C = F 1(p) bethe bre

over p. Given X -invariant volumeforms ! x and!vy on X gpd Y respctively, we
can de ne a unique volumeform ! ¢ on C by choosing! 2 (' " ™) (X) suchthat

(A6.1) LAF (1y)=!yx



24 JONATHAN HANKE

and taking ! ¢ to be the restriction ! jc of ! to C. Further, ! ¢ is C-invariant and
when computing ! ¢ it suc esto take forms on X with coe cients in the bre C
over p.

Proof. In this situation, the forms on X are determined by their de nition on any
neighborhood, soit is su cien t to ched locally on X.

Chooseapoint g2 F (p) X. Takingyi; ;ym to bea setof coordinateson
Y in someneighborhood of p, we can pull theseback to give coordinatesx1;  ;Xm
on someneighborhood of g in X . SinceF (p) is a regular submanifold of X , we
can extend these to give a complete set of coordinates x1;  ;X, on a possibly
smaller neighborhood of g. In these coordinates we have

(A6.2) Ix = f(x) dx;
i=1

(A6.3) F(y)=fi(x) dxi:
i=1

From this we seethat any ! on X satisfying (A6.1) must have the form

C_feo " X terms containing at least one

B FTC I o + factor from fdxy;  ;dXmg

(A6.4)

Sudh an! existsandis avolumeform sinceboth ! x and! y are nowherevanishing.
Uniquenessof ! ¢ followssincexsi;  ;xm areconstart on C, soall terms of (A6.4)
exceptthe rst term vanish on C.

To seethe C-invarianceof ! ¢, let cg 2 C act on (A6.1). This gives

GQNF (Ty)="!x:
But by uniquenessof ! ¢ we have the secondpart of
G(tc) =l )ic ="'c;

so! ¢ is C-invariant.

The nal assertionis easy and can be chedked in the coordinates x4; T Xn
above. We write f1(x) = fa(x) + f2(x) where f (x) has coe cien ts all of which
are zero on C, and obsene that the f9(x) term disappears whether we restrict
coe cien ts before or after choosing! .

Lemma A7. Supmsewearein the setting of LemmaA®6, and take someFuchsian
sulgroup X. Welet ¢; x;and vy denotethe measuresassaiatedto! ¢;! x ;
and! y respectively. Then

x( nX)= v(nY) c(C \ S)nC);

where S=fx2 X jxy =y for everyy 2 Yg.
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