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Intr oduction
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guadratic forms, specically the question of represerting integers by a positive
de nite form in 3 variables. The question of represerabilit y by a ternary form is
particularly interesting becauseit exhibits both analytic and algebraic features, in
cortrast to the caseof formsin 4 variables.

While we will briey discussthe theory for formsin n 3 variables, we will not
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2 JONATHAN HANKE

x1 Main questions

We will be interested in studying an integral quadratic form Q in n variables,
by which we mean a homogeneougpolynomial

X
Q%) = aj XiXj
1 i j n

of degree2 with coe cien ts a; in Z. Specically, we will be interested in which
integersm 2 Z are represen ted by Q, meaning that we can nd some vector
x 2 Z" sothat Q(x¥) = m. Somefamiliar answersto this question can be found in
the following theorems:

Theorem (Lagrange, 1772). An integer m can be written as a sum of four
integersquaes () m 0.

Theorem (Legendre, 1798). An integer m can be written as a sum of three
integersquaes () m Oandm 6 42(8k + 7) for any a;k 2 Z.

Theorem (Fermat, 1640). A prime number p > 2 can be written as a sum of
two integersquaes () p 1 (mod 4).

While we canaskabout which integersare represenied by a given quadratic form
Q, it is also interesting to ask in how many waysis m represerted by Q? If we
let rq(m) count the number of ways of represering m by Q (i.e., the number of
vectors x), then we are asking for a description of the function rq(m). In these
terms, the question of which m are represernied askswhenrg(m) is > 0. In some
instancesonecan actually nd exactformulasfor rg(m), though aswe will seelater
such formulas are quite rare. However, one familiar example of an exact formula is
given by:

Theorem (Jacobi, 1828). If Q= x?+ y?+ z2+ w? andm 2 Z > 0, then

X
ro(m)=28 d:

djm
4-d> 0

Given the scarcity of exact formulas for rq(m), one might instead hope to un-
derstand the approximate size of rqo(m). This somewhatmore modest goal is still
quite useful since a reasonableanswer provides enough information to determine
which numbers are represenied by Q. In the next few sections, we will focus on
answering thesetwo main questions:

Question 1: Can we descrite which integers m are representel by Q?
(When is rq(m) > 07?)

Question 2: In about how many waysis m representa by Q?
(How bigis rq(m)?)

x2 Some local considera tions

One early idea to understand which numbers m could be represeried by Q was
to look at which numbers are represerted modulo M for every M > 0 and also
to notice restrictions on the sign of m. By the Chinese Remainder Theorem, it
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is enoughto consider congruenceconditions modulo p for all powers of every
prime number p, and also conditions on the sign of m.

Theseconditions are called\lo cal" conditions and canbe thought of asconditions
assaiated either to a prime number p (for p-power congruences)or to 1 (for the
sign). This languagecomesfrom the di erent ways of completing the integersto |l
in the gaps,and can be thought of as conditions at eat of thesecompleted places.
The choice of a prime p de nes the p-adic integersZ,, and the other choicel gives
the real numbers Z; = R. In general, we refer to statemerts over Z, as local
and the corresponding statemerts over Z as global . Much of our e ort will bein
understanding the passagebetweenthesetwo realms, referred to asa lo cal-global
principle .

When Q is the sum of 2, 3, and 4 squares,this idea recovers the conditions of
the rst three theorems. It turns out that in those casesthe local conditions are
actually enoughto guarantee that m is represeried by Q, but this is a very special
occurence. In fact, it is a similar kind of local characterization that allows one to
write down exact formulas for rq(m). We state this asour rst strategy towards
solving Question 1.

Strategy 1: Check if m is representel by Q locally.
(Can we solve Q(%y) = m with x, in Z, at all placesv?)

When this approac succeedsijt often solvesboth Questions1 and 2. However,
the problem is that by looking at Q locally we may not in general be able to
distinguish it from other quadratic forms. Therefore any local statement would at
best be making a statemert about all of the forms which locally look the same. We
call the set Gen(Q) of such forms the genus of Q.

To understand this better, let's look at how many forms are in the gerus. One
important thing to notice is that two quadratic forms Q; and Q. look the same
(sowe will call them equiv alent) if they di er from ead other by someinvertible
(linear) change of variables with integer coe cien ts. For corvenience, we write
this equivalenceas Q; z Q2. Notice that if Q; and Q. are equivalent then
ro,(m) = rq,(m) for all integersm. (Earlier when we said that Q; and Q, are
locally equivalent, we meart that Q; z, Q2 at all placesv.) It will also be
important to keeptrack of how many ways a form Q1 is equivalent to itself. We
call these self-equivalencesthe automorphisms of Qi, and collectively refer to
them as Aut (Q1).

Sincefor answering our two main questionswe cannot distinguish betweenequiv-
alent quadratic forms, it makessenseto divide the gerusinto classes of equivalent
forms. The following fundamental result in the theory of quadratic forms tells us
that our local strategy reducesus to asking about only nitely many possibilities.

Theorem (Hermite). There are only nitely many classesof forms Q; in the
genusof Q.

With this, we are tempted to think of our local conditions asmaking a statemert
jointly about all formsin the gerus of Q. However, we have yet to exhibit a concrete
connection between local represenability by Q and (global) represerability by
someform Q; in the gerus. By trying to establish just such a quartitativ e link,
Siegelproved the following remarkable result which allows us to think of our local
information as a weightal average of (global) information over the classesin the
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gerus. For simplicity, we only state his theorem assumingQ is positive de nite. *

Theorem (Siegel). If the genusof Q is a (disjoint) union of classesrepresentel
by forms Q;, then

P rQi(m)
i #A i
(2:1) feen(q)(m) = P AL LD — = (m)

Qi #Aut (Qi) v

where (m) are local representation densities at the place v which descrile how
many local representationsm hasin Z,.

Siegel'sTheorem allows us to concludethat Strategy 1 succeedswvherver there
is only one classin the gerus of Q, sinceif m is locally represerted then the local
represeration densities ,(m) will all be> 0.2

Corollary 1. If the genusof Q has only one class, then

m is locally
representa& by Q

m is (glokally)
0) representa by Q.

Since the gerus of the sum of 2, 3, and 4 squaresforms all have only one class,
Corollary 1 instantly provesthe rst 3 theorems of this section. In fact, by com-
puting the local densitiesat all places,we can also recover Jacobi's exact formula
for ro(m) when Q is the sum of four squares. However, this happy coincidence
betweenthe gerus and the classof Q is quite infrequent. In fact, there are only
nitely many positive de nite forms Q where this holds.®> Therefore while Strat-
egy 1 is a good rst step, somefurther tools are neededto answer our two main
guestionsin general.

x3 Thet a functions and modular forms

One useful approach usedto understand a sequenceof numbers is to think of
them as coe cien ts of some appropriate series,and to study the transformation
properties of the seriesas a whole For our purposeswe are interested in the
numbersrg(m) for somepositive de nite quadratic form Q, soit is natural for us
to study its theta function , de ned by the Fourier series

X )
o(2) = ro(m)e* ™ ;

m 0

which is a holomorphic function in the complex upper half-plane H = fz 2 Cj

Kn(z) > 0g. Since H has a natural action of the group SLp(Z), given by =

ig 7! g;:g’ =: z, wecan askabout how ¢( z)isrelatedto ¢(z). It turns

1since Q is positiv e de nite, then so are all forms Q; in its genus, hence #Aut( Q;) is nite.

2Since v v(m) is an innite product, we cannot immediately conclude that the product is
non-zero when each y(m) > 0. However by computing the local factors y(m) almost everywhere
one can chedk that it does converge when n 2 (though conditionally when n = 2 or 3), so our
conclusion is justi ed.

3The program of determining all generawith one class has been extensively pursued by Watson
in a series of papers starting with [Wa2].
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out that there is a\congruence" subgroup o(N) of nite indexin SL,(Z) wherethe
theta function hasthe particularly simple multiplicativ e transformation property

(3:2) o( 2)= q(d)(cz+ d)™? o(2);

for somecharacter q on (Z=Nz) .4

Rather than study ¢(z) by itself, it is more corveniert to study ¢(z) asone
of many functions with similar transformation properties. In particular, o(2)
is an example of a \mo dular form" of weight n=2 for ¢(N), and we now turn
our attention to describing these in some detail.® This digression may appear
unwarranted, but the generalfeatures and subtleties of modular forms, especially
those of half-integral weight, will play a certral role in answering our main questions
about quadratic forms in small numbers of variables.

Mo dular forms for o(N).
Let o(N) denote the subgroup of SL,(Z) whosereduction mod N looks like
0 We say that a holomorphic function f(z) on H is a modular form of
weight k and level N for somecharacter on (Z=NZzZ) if:

1) f(z)= (d)(cz+ d)¥f(z) forall 2 o(N);
2) f(z) is holomorphic at all \cusps" and has\mild growth" nearthem.

The rst condition is just the transformation formula (3.2), and the secondcondi-
tion hasto do with the growth propertiesof f (z) asim(z)! 1 andasz! 2 Q.
In particular, condition 2 implies that we can assigna valueto f (z) at the boundary
points Q[ 1 of H. By condition 1, we seethat these values are determined by
specifying them at one point in eadh (N )-orbit of the boundary. We refer to this
nite collection of represenativ e boundary points asthe cusps of o(N).

We now quickly sketch someimportant features of the spaceof modular forms
of xed weight k and level N :

Finite-dimensionalit y: The spaceof modular forms of xed weight and level
form a nite dimensionalve,;gtori spaceover C.

Fourier expansions: Since ) o(N), we seethat f (z) = f(z+ 1) from

01
condition 1, sof (z) hasa Fourier expansionf (z) = ,a(m)e? mz

Cusp forms and Eisenstein series: Thereis a subspaceof functions vanishing
at all cuspscalledcusp forms and a naturally perpendicular spaceof functions
called Eisenstein series. The Fourier coe cien ts of an Eisensteinseriestend
to be larger than those of a cusp form. Speci cally, the Fourier coe cien ts
ag (m) of an Eisenstein seriesare either zero or about as big as mk *, while
the Fourier coe cien ts a(m) of a cusp form are bounded by some constart
multiple of mk=2, (The bound ja(m)j << m¥=2 is often referred to as the
trivial bound for cuspforms.) Also, if f (z) is a cuspform then a(0) = 0.

4Since n=2 is not an integer when n is odd, this relationship only makes sensewith some
appropriate choice of square root of cz+ d for each 2 o(N), sothat ( 1( 22)) = (( 1 2)2).
If such a consistent choice of square roots exists, we call it a multiplier system for o(N). It is
a non-obvious fact that multiplier systems exist for all o(N) mentioned above.

5For a more detailed intro duction to modular forms of integral weight on o(N) one can refer
to [Mi], [Sh2], [lw2], and [Ko]. Half-integral weight forms are treated from an analytic point of
view in [lw2, Ch 1-5] and from an arithmetic point of view in [Ko, Ch IV].
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Hecke operators: For every m 2 N with gecd(m;N) = 1, we have a linear
operator Ty, acting on the spaceof cuspforms. TheseHecke op erators have
the following two very useful properties:

(1) Tm is a normal operator.
(2) If gcd(my;mz) = 1,then Tm,m, = Tmy Tm,-

As aresult, we can nd a basisof (Hecke) eigenformsffi(z)g,for all T, and
can write any cusp form f (z) asa linear combination f (z) = ; ifi(2):

If fi(z) has integral weight (i.e. k 2 Z), then its Hedke eigervalues are
connectedto the Fourier coe cien ts by a; (1) Tmfi(z) = a(m)fi(z). If fi(2)
has half-integral weight, then the Hede operators T, are identically zero
unlessm is a square. In this case, for the non-zero Hede operators Ty,
we still have a; (t) Tr2fi(2) = & (tm?)f;(z) for any square-freenumber t.

Since the eigenforms can be freely multiplied by any constart, we will
always assumethat they are normalized in some appropriate sense. For
integral weight forms we require a;(1) = 1, while for half-integral weight we
require the forms to have norm 1 (under the natural inner product).®

The analytic approach when n 5.

Now that we have somebasicfacts about modular forms in general,we can apply
this knowledgeto better understand our speci ¢ modular form  g(z). Firstly, from
the generaldecomposition into cusp forms and Eisenstein series,we can write

e(2) = E(2)+ 1(2)

as the sum of an Eisenstein seriesE (z) and a cusp form f (z).” By looking at the
mt Fourier coe cien ts of ead, we have

ro(m) = ag (m) + a(m):

Sincewe expectag (m) = 0or m"™?2 1 andweknow ja(m)j << m"4 whenn > 4
thesecombine to shaw that rqo(m) > 0 whenag (m) 6 0 and m is su cien tly large.
This is the heart of the analytic apprach to this problem, which hasits origins in
the circle method of Ramanujan, Hardy, and Littlew ood. Therefore, if we could
prove that the Eisenstein serieshad large enough Fourier coe cien ts, we could
answer our main questionswhenn 5. Thankfully, Siegelhas given us a beautiful
interpretation of the coe cien ts ag (m) in terms of the local behavior of Q when
n 5. He showed that ag (m) is exactly given by the weighted average/in nite
product expressionin (2.1). By using this interpretation of ag (m), we can prove
the following theorem:

Theorem (T artak owsky). Supmse Q is a positive de nite integral quadatic
form in n 5 variables. Then an integer m is representel by Q if m is locally
represente by Q and su ciently large.

6strictly speaking, for integral weight the \theory of newforms" only guaranteesthat a; (1) 6 0
if f;(z) doesnot arise as f %rz) for some form f %z) of lower level. However, for such (old)forms
we can just normalize the asscciated (newform) f 9(z) of smallest level using a%1) = 1.

"The Eisenstein seriesE (z) is actually a linear combination of the \standard" Eisenstein series
naturally asscciated to the cuspsof o(N).
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x3.1 The anal ytic appr oach when n = 4

One can try to modify the analytic approach above to prove a similar type of
theorem when n = 4, however there are sewral new complications and features
which must be dealt with. We again only discusspositive de nite forms, though
we will revisit inde nite formsin Section 4.

The existence of anisotropic primes.

The rst notable di erence betweenforms in 4 variablesand their higher dimen-
sional counterparts is that under certain circumstancesthe Eisenstein coe cien ts
ag (m) don't necessarilygrow asm grows. Using Siegel'sinterpretation of ag (m) in
(2.1) (which still holdswhenn = 4 aswe will seebelaw), we can analyzethe growth
of ag (M) locally at ead of the local factors (m). What we nd is that there are
at most nitely many \anisotropic" primespj N where ,(m) = ,(p?m) whenm
is su cien tly p-divisible. The presenceof these primes preseris a problem for our
analytic approad, since allowing m to grow by intro ducing powers of anisotropic
primes p will not causeour main term to grow.

The term anisotropic prime comesfrom the fact that Q is anisotropic over the
p-adic numbers Q,, meaningthat the only represenation Q(x) = 0 with x 2 Qp is

when x = 0. This geometric property meansthat when m is su cien tly divisible
by p (i.e. p-adically closeenoughto zero) that there are no new represerations of
m, causingthe local factor not to grow asit becomemore p-divisible. Notice that
the condition for a prime to be anisotropic is harder to satisfy asn grows; in fact
whenn 5 there are no anisotropic primes.

The presenceof anisotropic primes when n = 4 requires us to considerm which
are large but not too highly divisible by theseprimes. This will add the additional
condition \a priori bounded divisibilit y at the anisotropic primes" to any analytic
results we may obtain.

Convergence of the Eisenstein series.

Siegel'sidenti cation of the coe cien ts ag (m) with the expression(2.1) when
n 5dependson having a corvergert seriesexpressionfor the weight k Eisenstein
seriesEg(z) := E(z). For small weights the de ning seriesdoes not converge, but
onecanrecover Ex(z) asthe valueat s = k = J of the generalizedEisensteinseries
E(z;s) whoseextra parameter s 2 C is related to the weight. The seriesde ning
E(z;s) is only absolutely corvergert when Re(s) > 2, however it is known to have
meromorphic continuation to all s 2 C.

When n = 4 the EisensteinseriesE,(z) no longer livesin the region of absolute
cornvergence,so more care is needed. Howewer, sinceit is on the edgeof the region
of absolute corvergence,one can use limiting argumens to show that the result
holds in this caseas well.®

Need for an impro ved error estimate.

Even after understanding the growth of ag (m) via Siegel'sformula, there is a
further challengewhen n = 4. Our estimates show that, avoiding growth at the
anisotropic primes, wehaveag (m) = 0Oor m"™?2 ! andja(m)j << m"™%. Howewver
whenn = 4 this shonvsthat ag (m) m andja(m)j << m, which is not very useful
sincethe bound is aslarge asthe main term asm grows.

8In fact (2.1) is still meaningful when n = 3. This was justied explicitly in [SP2, Korollar
1, p289], and follows more generally from the work of Kudla and Rallis [K-R1, K-R2] on the
Siegel-Weil formula.
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To salvagethe situation, we are led to askif onecanimprove on the trivial bound
for a(m). The best possiblebound for the Fourier coe cien ts of a normalized cusp
form of integral weight k = % was conjectured by Ramanujan and Peterssonto
be ja(m)j (m)m D=2 and this was establishedby Deligne [De] using deep
methods in algebraic geometry® However historically, an improvemert over the
trivial bound was rst achieved by Klo osterman using his stronger version of the
circle method. This leadsto the following theorem:

Theorem (Klo osterman). Supmse Q is a positive de nite integral quadmatic
form in 4 variables. Then an integer m is representa by Q if it is locally repre-
sentad by Q and su ciently largewith a priori bounded divisibility at the anisotropic
primes.

x4 Refined local considera tions

At the outset, we focusedour attention on two main questionsabout the integers
m represerted by a quadratic form Q. Our rst strategy for answering them wasto
ched the represenabilit y of m locally at all places,then by using modular forms
we were able to bound the error in our local strategy. Howewer in this processwe
made the simplifying assumption that Q was positive de nite, which ignores the
guestion of represenabilit y by an inde nite form. In this sectionwe will re ne our
initial strategy, and in the processwe recover information about inde nite forms as
well.

From the point of view of quadratic forms ashomogeneougolynomials of degree
2, it may seemthat Strategy 1 is the best one can do when speaking about local
equivalence. We de ned a quadratic form as a particular polynomial, and then
spoke of equivalentforms. In this language,the classand gerus of a qu@dratic form
areits equivalenceclasseaunder the actions of the groupsGL,(Z) and ~, GL,(Zy)
respectively.

Another equally good (and perhapsbetter) point of view is to think of a quadratic
form asa lattice L = Z" embeddedin a xed vector spaceV equipped with a xed
qguadratic form ' (in the rst sense).This point of view hastwo advantages. The
rst is that equivalencesof lattices inside (V;' ) are de ned by an action of the
orthogonal group O carrying oneto another. The secondadvantage is that over a
number eld K we canspeakof a lattice evenwhenit doesnot have a basisover the
ring of integers. Such a basisis required to write down a homogeneouspolynomial,
but may not exist when the classnumber of K is > 1.

Sincewe losenothing by doing so, we will instead take the determinant 1 groups
above, sowe are looking at equivalencesunder the groupsSL, and SO respectively.
From either point of view we can de ne the notion of a classand gerus of forms by
using the relevant group over Z or over Z, for all placesv. An interesting feature
of the secondpoint of view is that SO is not simply connectedwhenn 3, and
admits a \double cover" called the spin group and denoted by Spin' . This is
particularly interesting becausethis givesus a natural geometric re nement of our
local equivalenceby using Spin  instead of SO . This re ned equivalenceis called
spinor equiv alence and its equivalenceclassesare called spinor genera which
are intermediate to our notions of classand gerus.

9This was rst established in weight k = 2 by Eichler [E2], Shimura [Sh1], and Igusa [Ig].
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Sincethe spinor gerus is also geometrically de ned and local, it is still relatively
simple to answer represenabilit y questionsfor the spinor gerus (though it is more
involved than using the gerus). This givesthe following re ned local strategy:

Strategy 2: Check if m is representel by the spinor genusof Q.

For this to be asuseful as Strategy 1, we needa version of Siegel'sTheorem for
the (weighted) averagenumber of represenations rgpnq)(m) of m by the spinor
gerus, de ned analogouslyto rgen(q)(m) of (2.1). One approach to understanding
the rgpn()(mM) is to seehow they behave as we vary over all forms Q; in a gerus.
To do this, one considersnot only spinor equivalence of lattices, but also of the
represenations themseles. These can be geometrically realized as vectors in the
asscaiated lattice, which are also naturally acted upon by the spin group.

When n 4 there are enoughorthogonal transformations xing a given repre-
sertation vector to show that any represertation by the gerus can be transformed
into arepreseration by any of the spinor generait cortains. Concretely, this means
that rspn(g)(m) is the samefor all spinor generain a gerus, which together with
(2.1) implies rspng)(M) = rgen(o)(mM). When n = 3 there are fewer spin trans-
formations and the gerus breaksinto two half-genera(each containing half of the
spinor genera)wherersyng)(m) is constart. In fact there is a quadratic character

= n which distinguishes betweenthesetwo half-genera(for any given m).

By incorporating this character into Siegel'sweighted average, Schulze-Pillot
[SP1] has shown:

Theorem (SP). SupmseQ is a positive de nite integral quadmatic form in 3 vari-
ables. Then

Y
(2:2) Fspn(0)(M)  rgen(oy(m) = & (m)

v

where €,(m) are local spinor representation densities at the place v which descrike
how many local representationsm has by the spinor genusin Z,.

This, together with Siegel's Theorem, allows us to compute rg,n(g) (M) based
purely on local information, and to ask about spinor genera,which may be smaller
than the gerus given by Strategy 1. If the spinor gerus happensto have only one
classthen we can completely answer our main questions. While this is not true in
general, it is true for inde nite formsin n 3 variables1%1?

Theorem (Eic hler). If Q is an inde nite quadmtic form in 3 or more variables,
then its spinor genusconsists of only one class.

x5 The connection with the Shimura lift

In dealing with our main questionswhen n is odd, we are led naturally to study
the Fourier coe cien ts of modular forms of half-integral weight. By using Siegel's
Theorem and the generaldecomposition of modular forms into Eisensteinseriesand
cusp forms, we can further restrict our attention to understanding the coe cien ts
of cusp forms.

10This is a consequenceof the strong approximation property for the asscciated spin groups.
11 A nice overview of the arithmetic of inde nite forms and spinor genera is given in [Hs].
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Becauseof the close connection between the Fourier coe cien ts of eigenforms
and their Hedke eigernvalues, it seemsreasonableto study the (non-zero) Hede
operators T, when gcd(m; N) = 1. While doing this, Shimura noticed that the
relationships betweenthe Hedke operators T,z acting on half-integral weight forms
closely resenbled the relationships between the Hedke operators T, for integral
weight forms. He further showed that (for every square-freenumber t) there was
in fact a way of lifting an eigenform of half-integral weight k to a form of integral
weight 2k 1, and that this commutes with the action of the Hedke operators (in
the sensdust described). Also, whenn > 3this lifting is actually a cuspform. This
Shim ura lift allowsoneto apply Deligne'stheoremto obtain a sharp upper bound
for the growth of the Fourier coe cien ts of an eigenformwithin a givensquareclass
tz2.

For our purposes,the issueof deciding whether the Shimura lift is a cusp form
whenn = 3is of great importance, since Eisensteinserieshave much larger Fourier
coe cien ts than cusp forms. Using a variety of techniques, Flicker, Niwa, Cipra,
and others have characterized the subspacewhose Shimura lift is an Eisenstein
seriesas linear combinations of particularly simple cusp forms

X L,
h (tz) = (m)me? ™M "z
m2Z

for someodd Dirichlet character , whoseFourier coe cen ts vanish outside of the

square classtZ2. Howevwer, this does not answer the question of whether these

simple cuspforms appear in the theta function g(z). In fact they do appear, and

this feature is closelyrelated to the appearanceof half-generain the gerus of Q.
More precisely whenn = 3 we canwrite (z) as

@) =E(@)+H(@)+1(2)

where E(z) is an Eisenstein series,both H(z) and f (z) are cusp forms, and the
Shimura lifts Shi(H;t) and Shi(f ;t) (for any square-freet) are respectively an
Eisenstein seriesand a cusp form. At the level of Fourier coe cients, this says

ro(m) = ag (m) + a4 (M) + a(m):
The connection betweenthese Fourier coe cien ts and the original quadratic form
Q is given by the following (local) theorem, due to Schulze-Pillot [SP2].
Theorem (SP). Supmse Q is a positive de nite quadmtic form in 3 variables.

Then

ag (M) = rgen(g)(M) and  apy(m) = rgpn)(M)  rgen(g)(mM):

The local nature of this result can be seenfrom (2.1) and (2.2), and its proof
involvesexplicitly computing the action of the Hede operators.

x6 Anal ytic estimates for Fourier coefficients

While the Hedke eigervalueswill play an important role in answering our main
guestions,they are substartially weaker tools for understanding coe cien ts of half-
integral weight forms than for their integral weight counterparts. In particular, we
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only have the (non-zero) Hede operators T,,2 which leaves completely open the
guestion of understanding the square-freeFourier coe cien ts. To establish upper
bounds for these, the only available techniques are analytic in nature, and involve
estimating the size of exponertial sums or special values of L-functions. In this
section we will discusssomefeatures of this approach, and someresults related to
our main questions.

As we mentioned when discussingthe casen = 4, Kloosterman neededto im-
prove the trivial bound for weight 2 forms to say something about the numbers
represerted by Q. Sincein theseestimateswe are more interestedin the exponerts
than the constarts, it su ces to only make a statemert about a hasis for the space
of cuspforms. For arithmetic purposesoneis most interestedin the basisof Hedke
eigenforms,but for analytic pursuits it is often more conveniert to work with a basis
of Poincar e series. The advantage of doing this is that their Fourier coe cien ts
can be expressedas sumsinvolving the Klo osterman sums'©

X - (ud +vd) h bl
K (u;v;c) = #()e? T where = 22 2 o(N):

d
d2 (z=cz)

The trivial estimate jK (u;v;c)j ¢ for individual Kloosterman sums recovers
the trivial bound ja(m)j << m%*" for Fourier coe cien ts of a weight k cuspform.
Klo osterman's improvemert was equivalert to showing that jK (u;v;c)j << ci*",
which wasfurther re ned by Weil and Salieto jK (u; v; ¢)j << cz*". This re nement
is best possible, and it producesthe bound ja(m)j << m¥% #*". When k = 3,
we seethat this bound is achieved by the simple cusp forms h (tz), sono further
progresscan be madewithout somehav excluding theseforms. We thereforerestrict
our attention to the coe cien ts a(t) wheret is square-free.To obtain an improved
estimate for ja(t)j, we must exhibit somefurther cancellation betweenthe individual
Kloosterman sums. This is particularly important for our main questions when
n = 3 sincethe Eisenstein seriesE (z) has coe cien ts ag (m) mz, so only some
slight improvemert is neededto ensurethis is the main term.

This breakthrough was accomplished by Iwaniec for weights k > in [iwi],
proving

+

ja(t)j << t& 7

~IN

and was extendedto weight % by Duke [Dul]. Togetherwith the Hede eigervalue
bound from the Shimura lift, this provides an estimate for the coe cien ts a(m)

of the cusp form f (z) for all m. This bound is sucient to settle the casen = 3

provided m is not in one of the nitely many exceptional-t yp e!! square classes
where the coe cien ts of H(z) are non-zeroand as large as E(z). This givesthe

following result:

Theorem (Duk e-SP). SupmseQ is a positive de nite integral ternary quadmatic
form. Then every su ciently largeinteger m locally representa by Q with a priori
boundal divisibility at the anisotropic primes not lying within one of nitely many
ex@ptional-type squae classesis representa by Q.

10Here the factor #( ) is related to the multiplier system at , and d 2 is a representativ e
for the classd ! (mod c). (Multiplier systems are de ned in footnote 4.)

11The term \exceptional-t ype" is synonymous with the phrase \spinor exceptional” often found
in the literature.
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X7 The Exceptional-type square classes

While the analytic methods of the previous sectionprovide an adequateanswer to
our main questionsfor most numberswhen n = 3, they fail to make any statemert
about the represernabilit y of numbers within an exceptional-type squareclasstZ?.
There are two methods of investigating this question, each with slightly dierent
merits, which give the following theorem:

Theorem (SP, Hank e). SupmseQ is a positive de nite integral quadmatic form
in 3 variables. Then any su ciently largeinteger m locally representa by the spinor
genusof Q with bounded divisibility at the anisotropic primes is representel by Q
except for at most nitely many in nite sequen@sm = M p?, where M is anti-
exeptional’? with rq(M) = 0 and p runs over all primesp-NM with ((p) = 1.

The main feature of all of our theorems so far has beenthat all but nitely
many numbers which are locally represeried by Q are actually represeried by Q.
In slightly di erent language,onewould say that a local-global principle** holds for
all but nitely many numbers. Interestingly, our latest theorem casts somedoubt
as to whether this is still true when n = 3, and under certain circumstances (if
they ever happen) guaranteesthat even a re ned local-global principle based on
the spinor gerus fails in nitely often.

X7.1 Primitiv e spinor represen tations.

In this approach, one keepstrack not only of the number rg,yq)(m) of rep-
resertations by the spinor gerus, but also the number rg,, o, (m) of primitiv e
represen tations by Spn(Q), meaning that they are represerations of m which
do not come from stretching a represenation of somesmaller integer m=r2. This
is also a local quantit y, and one can establish local product formulas analagousto
(2.1) and (2.2) whosefactors court local primitiv e represenations of m by Spn(Q).

Since the growth of rgp,(g)(m) comesprimarily from these primitiv e represen-
tations, it is useful to know which m have no primitiv e represenations by some
spinor gerus (hence half-gerus) in Gen(Q). These are called primitiv e spinor
exceptions , and they can be characterized by local conditions on the image of
the spinor norm map. Using these, one can shaw that if m is a primitiv e spinor
exception, then sois mp? for all primesp-Nm with (p) = 1. By keepingtrack
of which spinor genera(half-genus) has no primitiv e represerations, one can shov
that if m is not represenied by Q then neither is mp? (since such a represeration
would be primitiv €). This approach was carried out in [SP3]14

The advantage of this approad is that it is purely local, soit providesa concep-
tually simple way of answering our rst question. However, in principle it could be
extendedto provide asymptotics for rq(m).

X7.2 The structure of the Shimura lift.
In the secondapproad, onetries to show that the term ag (m) + ay (m) grows
more quickly than a(m) asm getslarge. This is done by computing local densities

12The term \an ti-exceptional" is de ned in x7.2.

131n this context we mean that a local-global principle for represertation over the integers as
described in x2. If we instead speak about rational represertations, then Hasse (in 1923{24) has
showed that a rational local-global principle holds for all (rational) numbers.

14 partial representation results based on primitiv e representabilit y by the spinor genus within
a square class have been established by many authors. Most recertly, analytically in [Du-SP,
Thrm 3] and arithmetically in [Hs-J, x4, Thrm].



SOME RECENT RESULTS ABOUT (TERNAR Y) QUADRA TIC FORMS 13

v(m) at all placesto produce a lower bound for ag (m), then using the explicit
Fourier expansionfor H (z) to establish a lower bound for the main term. Notice
that sinceag (m) and jay (m)j are both mz, signi cant cancellation may occur.

To describe the situation more fully, we say that m is exceptional if ag(m) +
ay (m) = 0, and anti-exceptional if ag (m) = ay (m).'®> From our local com-
putations, we seethat the main term either grows more quickly than ja(m)j or
is constart, and it is constart when either m stays exceptional (where it is zero,
hencenot represeried by the spinor gerus) or for numbers mp? where m is anti-
exceptional and p runs over primes p-Nm with ((p) = 1.

When the main term fails to grow, the behavior of rq(m) dependsonly on the
Fourier coe cien ts of the cusp form f (z), which a priori seemsdi cult to under-
stand. (In generalf (z) is not even an eigenform!) However, by taking advantage
of the fact that rq(m) 0, one can shaw that the coe cien ts of f (z) behave
reasonably

Sincehalf-integral weight forms aredi cult to work with, it is much more corve-
nient to considerthe weight 2 Shimura lift g(z) := Shi(f ;t). This canbe written as
a linear combination of eigenformsg;(z), and by an argumert with the assaiated
Galois represenations ; one shows that the eigenformsg; (z) appear together asa
di erence of a form and its twist by . This showvsthat many of the Fourier coe -
cierts of g(z) vanish, and when translated back to f (z), shows that a(m) = a(mp?)
when m is anti-exceptional and (p) = 1. This shaws that when m is anti-
exceptional and not represeried by Q, then neither is mp? for all primesp - Nm
with  ((p) = 1. This approach was carried out in [HaZ2].

Becauseof its analytic nature, this approach answersboth the question of repre-
sertabilit y and provides an estimate of the sizeof rq(m). It alsodescribessomeof
the structure of the cuspform f (z) and its Shimura lift g(z). However it is techni-
cally more complicated and involvesglobal tools sudh asthe Shimura lift and Galois
represenations (or alternativ ely someweak form of the Sato-Tate Conjecture).

X7.3 An example.
We now consideran example rst described by Jonesand Pall in 1939. Consider
the gerus of forms

CQu= 2+ 482+ 1422
S
Q2 = 4x® + 48y” + 497% + 4xz + 48y7
( Q3 = 9x? + 16y2 + 4872
S,

Qs = 16x% + 25y + 257% + 16xz + 16xy + 14yz

of level N = 576 = 2632 and determinant D = 6912= 2833, This gerus breaks
into two spinor generaS; which are their own half-genera. One can show that the
only exceptional-type square classis Z?, whose ass@iated quadratic character is

1()= 2 = 2 Also, this gerusis anisotropic only at 3 and 1 . We now
apply the above theorem to understand the represenation behavior of the formsin
this gerus.

In the spinor gerus S;, one can ched that only the numbers 1 and 4 are anti-
exceptional. SinceQ; represents both of them, a local-global principle holds for all

151n general we have the inequality jay (m)j  ag (m), so the terms \exceptional" and \an ti-
exceptional" characterize the extremal cases.
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but nitely many integersm. However Q, missesthe number 1, sorq,(p?) = 0
for all primesp6& 2 with p 2 (mod 3). This givesan exampleof a failure of the
local-glofal principle for in nitely many numbers m!

In the spinor gerus S, there are no anti-exceptional numbers, and 1 and 4 are
exceptional. Therefore, for eat of theseforms a local-global principle holds for all
but nitely many numbers.

It is interesting to notice that by global arithmetic methods Jones and Pall
shaowed that for the forms Q; and Qgs, the local global principle

rspn(@)y(M) >0 =) rqo(m)>0

holds for all integers though they gave no results for Q, and Q4. For more pre-
ciseresults about them one would needan e ectiv e version of the theorem above.
Unfortunately, making it e ectiv e dependson somerather deepand unproven con-
jectures about L-functions, which follow from the Riemann hypothesis for these
L -functions.

x8 Applica tions and generaliza tions

In closing, we describe somefurther questionsand results related to our main
themes.

E ectiv e lower bounds

In our goalto characterizewhich numbersare represerted by a quadratic form Q,
we have beensatis ed with answers applying to \su cien tly large" integers. How-
ever, this vaguekind of answer becomedesssatisfying when one seeksto explicitly
characterize or list those numbers represerted by a given Q. For this purpose,the
statemert \su cien tly large" begsthe question \now large?". To establish this
more precise(e ectiv €) answer, one must care not just about the exponerts in our
bounds, but also about the constarts.

When n 4 one can establish e ectiv e bounds by making preciselocal compu-
tations and noting the size of the coe cien ts of the eigenformsin the cusp form,
however there is an additional subtlety whenn = 3. The problem herebecomeghat
the main term ag (t) (for square-freenumberst) is essetially aslarge asL(1; ),
for which we know only Siegel'sine ectiv e lower bound L(1; ) >> t". This is-
sueis equivalert to the possibility of a \Siegel zero" for the assaiated Diric hlet
L-functions. This is one of the major outstanding problems in analytic number
theory, and would follow from the Riemann hypothesisfor such L-functions. Since
this is only an issuefor square-freenumbers, by allowing m to grow within only
nitely many squareclassestZ? we may again establish an e ectiv e bound.

When n 5 e ectiv e bounds have beenestablishedby Watson [Wal] and Hsia-
Icaza [Hs-Ic] by algebraic methods. When n 4 one can apply the analytic ideas
above to make Klo osterman's original argumert e ectiv e [KI], or usethe modular
forms directly asin [SP4] and [Hal]. This was carried out in [Hal] to show that
x? + 3x2 + 5z2 + 7w?, a form which has resisted algebraic methods, represerts all
positive integers except 2 and 22. When n = 3, by assuming various Riemann
hypotheses,Ono and Soundarargan [O-S] have precisely characterized all numbers
represerted by the form Q = x? + y2 + 10z

Generalizations of the 15-theorem
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One interesting application of sharp e ectiv e results for quadratic forms is that
they are useful in proving niteness theorems for quadratic forms. The original
theorem along these lines is the following theorem of Conway and Schneekerger:1

15-Theorem. SupmseQ is a positive de nite classially integral quadratic form.*’

Then
Q representsall Q representsthe numkbers

positive integers 0) 1;2;3;5;6;7;10; 14; 15:

Recenly, Bhargava [Bh2] has shown that these niteness theorems are quite
common, and that in fact for any setS N there is a unique minimal nite subset
S sud that

Q represerts S () Q represerts Sp.

Finding the set & requiresoneto understand which numbers are represerted by a
certain nite list of quadratic forms (dependingon S). When S= N only 1,850forms
arise and one can use various arithmetic methods to understand them, however in
generaltheseare not su cien t to settle the question. In somecasesit is reasonable
to useanalytic methods to supplemeri this approach.

As an example, by reformulating the result when S = 2N, one can hope to nd
the nite setTy N for the following theorem:

290-Theorem. SupmseQ is a positive de nite integral quadmtic form. Then

Q representsall
positive integers () QrepresentsTo.
It is likely that the largest number in Tq is 290, and the calculations required to
prove this are currently underway [Bh-Ha]. In general,the complexity of the prob-
lem grows quickly with the number of small integersnot in S, thus for very thin
setsthe computations are not very feasible. The special caseof thesetheoremsfor
forms in 4 variables is known as \Ramanujan's universal quaternary forms prob-
lem", and its resolution is a crucial step in proving preciseversionsof the previous
two theorems?®

Binary forms

On the surface, it may seemas though we have been unfair in postponing dis-
cussion of our main questions for quadratic foms in 2 variables until this point.
However the nature of the question in this caseis purely algebraic, and requires
completely di erent techniques. There is currently no completely satisfactory an-
swer to this question, though for principal forms (i.e., those corresponding to the
identit y of the ideal classgroup of a quadratic extension) one can answer this in
terms of the Hilbert class eld of the assaiated quadratic number eld. 1°

16 A sketch of the original proof appearsin [Sch], however a simpler proof is described in [Bh1].

17Q s classically integral if Q isintegral and the numbers aj arerequired to be even integers
wheni 6 j.

18 A positiv e de nite integral quadratic form is said to be univ ersal if it represerts all positiv e
integers. Briey , this problem starts with Ramanujan's 1916 paper [Ra] enumerating all (positive
de nite) universal diagonal quaternary forms (with one mistake). Later Willerding [Wi], in her
1948 thesis, listed 168 classically integral universal quaternary forms. This list was corrected and
completed in 2000 by Conway, Schneeberger, and Bhargava [Bhl] to a nal list of 204 such forms.

19For a complete and very readable description of the situation for principal forms, see[Co].



16 JONATHAN HANKE

From an analytic point of view, the theta function ¢(z) is a modular form of
weight 1. We can still decomposethis into an Eisenstein E(z) and cuspidal part
f (z), however we expect the Fourier coe cien ts of theseto be bounded by some
constart (sinceag(m) mk 1 and ja(m)j << kal). Since neither grows asm
grows, we cannot make any statemerts about \su cien tly large" numbers.

Quadratic forms over number elds

Given our successwith integral quadratic forms over Q, one might be tempted
to ask about quadratic forms over a number eld F. In this case,the de nition of
integral requires the coe cien ts a; lie in its ring of integersor. As with Q, the
main distinction to be madeis betweende nite and inde nite forms, however here
there are more placesv \at innit y". If Q is de nite at all of these,we say Q is
totally de nite , otherwise Q is said to be inde nite

The theoriesfor totally de nite andinde nite formsarethe sameaswhenF = Q,
however we note that Q canonly by totally de nite if F istotally real (i.e. at all
in nite placesF, = R). Local computations in this setting are very similar to those
over Q, with the additional technical complication that the primes p in o over 2
may be ramied. When Q is totally positive de nite ?° the ass@iated o(z) is a
Hilb ert modular form which is now a function on a nite product of upper half-
planes. One can pursue all of our previous analytic strategiesfor Hilbert modular
forms, but it becomestechnically more complicated. As a consequenceresults in
that setting are less complete. For instance, the best possible bound for Hedke
eigervalueshas not beenestablishedin full generality (see[Br-La]), and only very
recertly was a subconexity estimate establishedfor square-freeFourier coe cien ts
of half-integral weight forms [C, C-PS-S]. However, Shimura has generalized his
lifting to this setting [Sh4, Sh5].

Represen ting forms by forms

One very interesting feature of our main questionsis that they can be reformu-
lated in the much broader context of embedingsof quadratic forms into ead other.
From this perspective one xes a quadratic form Q in n variablesand somepositive
integer r < n, and is interested in the number of ways it represerts all smaller
forms q in r variables. This question was rst investigated by Siegel,and led to
the theory of Siegel modular forms for congruencesubgroupsof the symplectic
group Spyr (2).

In this context there are (local) analoguesof (2.1) and (2.2), and the features
found whenn = 3 now appear in the \codimension2" casen = r + 2. As expected,
the local calculations are still feasiblethough there are somedi culties whenp = 2.

The asymptotic approac is alsotractable in this setting, though current results
there are analogousto the casen 5 and here the statemert \'m is su cien tly
large" is replacedby requiring \the minimal length vector in qis su cien tly large".
(See[Hs-Ki-Kn, Kil, Ki3] for details.)

The main new analytic feature in this caseis that Fourier coe cien ts here are
symmetric matrices and the Eisenstein seriesare stratied into E;(z) de ned by
the vanishing of Fourier coe cien ts of rank i. The local information is cortained
completely in Eq(z), while the theta funcition decomposesas

(@) = Eo(2) + Es(2) +  +Er 1(2)+1(2)

20Q is totally positiv e denite  when Q is positive de nite at all innite places. If Q is
totally de nite, one may arrange for this by multiplying Q by some appropriate integer.
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where f (z) is a cusp form. Since we have no additional information about them,
the presenceof the forms E;(z) with 1 i r 1 giveriseto afairly crude bound
on the sizeof the error term. To make any substartial progress,one must somehav
understand these more complicated Eisenstein series.
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